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ABSTRACT. A formal theory to explain the Stark effect in molecular exciton states is developed
using the second-quantization formalism. In this theory not only the Stark effect but also the Davy-
dov effect are explicitly taken into consideration since the observed spectral splitting in the UV
spectra for molecular crystals with two or more molecules per unit cell may be the result of combination
of the above two effects. Especially for molecular crystals containing two molecules in a unit cell
the splitting is shown to be hyperbolically dependent upon the strength of an externally applied,
uniform electric field, from which informations regarding the excited state dipole moments of a

single molecule may be obtained.

observed in the solution or gas phase spectra ap-
1. INTRODUCTION pear in the crystal spectra, too. The effect of

intermolecular interactions on the crystal spectra

The UV absorption spectra of pure molecular shows up, though not considerable, through the
crystals, where intermolecular interactions are shift of band centers and/or increased (or decreas-
very weak, show in many respects appearances ed) band intensities. In particular in molecular
similar to those of the corresponding solution or crystals which contain two or more molecules in

gas phase spectra; that is, the absorption bands a unit cell the splitting of absorption bands a-
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-rises, which is not observable in the solution or
_gas phase spectra. Such spectral splitting are
.due to the resonance interactions among trans-
“lationally inequivalent sets of molecules in the
-crystal and the corresponding phenomeonon is
‘now called “the Davydov splitting” following
-the name of Russian physicist who first explain-
ed the observed spectral splitting theoretical-
Ay 16

Measurements and theoretical interpretations of
the Davydov splitting are important because they
_can give us a good deal of insight into the
nature of intermolecular interactions in many mo-
lecular crystals. Unfortunately, for many molec
ular crystals the magnitude of Davydov splitting
is not quite notable and it is not an easy matter
to measure the splitting with sufhcient accuracy
in actual experiments. A number of molecular
crystals (particularly, of aromatic hydrocarbons)
have been reported to have the splitting of a
few hundred cmL 78 Most of theoretical calcu
lations of the Davydov splitting for these crystals
have been performed using the dipole-dipole
yielded reasonable

approximation and have

results.

On the other hand Hochstrasser and his co-
workers? 10 have recenly published a series of pa-
pers regarding the effect of an externally appli-
ed, uniform electric field on the absorption
spectra of molecular crystals and have suggested a
new method of determining the (electric) dipole
moment of a single molecule in an electronically
‘excited state. They have shown in somewhat
simplified manner that for molecular crystals con-
taining two or more molecules in a unit cell
the spectral splitting can be induced by the ap-
plied electric field even when the Davydov split-
ting is not considered to be observable, and such
a spectral splitting, which will be referred to as
the Stark splitting henceforth, is related to the

-difference between the dipole moment for the
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ground state and that for an electronically ex
cited state the transition to which corresponds to
the observed absorption band. Hence, measure-
ments of the Stark splitting can provide a means
of estimating the magnitude of dipole moment
for a single molecule in an electronically excited
state, and Hochstrasser and his co-workers have
indeed carried out experiments employing the
uniform electric field ranging from 2.0x10% to
10. 0x 10* volts/ecm. They have reported that an
electric field of 7.3%10* volts/ecm gave a mean
Stark splitting of 5.9cm™ for benzophenone
crystals in the lnz* state at 4. 2°K. Also, the ob-
served Stark splitting were found to increase line-
arly with increasing electric field strength and
the slopes of thus obtained straight lines were
used for estimating the magnitudes of dipole
moments for the molecule in various excited states
involved in the transitions corresponding to the
observed absorption bands. However, strictly
speaking, the results obtained by Hochstrasser et
al. must be said to be applicable only to the
case where the Davydov and intermolecular
interaction effect are negligible compared to the
effect of electric field. Also, in order to obtain
theoretically interpretable results one must per-
form the experiment under the condition that
enables the Stark splittings to be observed at the
field strength kept as low as possible because too
strong field may cause some secondary effects

which cannot be handled theroetically very well.

In this paper the effect of an externally appli-
ed, uniform electric field on the absorption bands
in molecular crystals is investigated theoretically
and is generalized so that the method of determi-
ning the excited state dipole moment of a mole-
cule proposed by Hochstrasser et al. may be
applied even to the cases where the Davydov
effect is not negligible. The change in intermo.
lecular interaction and the induced polarization

due to the presence of an electic field is, how-
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ever, assumed to be small and not much attention
will be paid to this. 1! In order to formulate the
problem mathematically we adopt the molecular
exciton theory which has been extensively de-
velopad by Davydov, Agranovitch, Craig, and
others. ¥ Mathematical treatment of the problem
described in this paper is apparently similar to
that of Agranovitch;!® however, there is an
obvious distinction between the latter and ours

since the crystal under consideration here is sub-

ject to the influence of an electric field. The .

theory in this paper is developed with tacit as-
sumption of the rigid lattice and no intramolecu-
lar vibration. However, the same formalism can
easily be extended to include the vibronic
states, 1*

2. Derivation of the Second-Quantized
Crystal Hamiltonian

Consider a pure molecular crystal with two or
more molecules in a unit cell. In the presence
of an externally applied, uniform electric field,
e, the electronic part of the Hamiltonian for

such a crystal as described above may be written

H=H+V (2-1)

where Hj is the sum of electronic Hamiltonian
for individual molecules in the presence of electric
field, e, and V denotes the sum of intermolecu
lar interactions in the crystal. For convenience
let us denote the molecular site at the a-th site
of n-th cell by the symbol (na). Then we may
rewrite Hy and V explicitly into

Hy=Shy=Ho® + Hy® (2-2)
and

V=g 5 Vierns (2-3)
where

HP=2h0 (2-4a)

ra

B
and

HO(D = —‘Zﬂna € (2_4b)

In the above expressions h,, and ASY) represent

the electronic Hamiltonian for an isolated mole-
cule located at the site (na) in the presence and
absence of & respectively, V., ms stands for
the intermolecular interaction between the mo-
lecule at the site (na) and that at the site (mm(),
and g,, denotes the (electric) dipole moment
operator for the molecule at the site (na). Also,
the prime on the summation syrnbolﬂgS means
excluding the term for which na=mg from the
indicated summation.

Let the eigenfunctions of k., and A% be ex
pressed by the functions ¢/}, and ¢Z., respectively,
and the corresponding energy eigenvalues by

Ef, and ¢/.. Then we may write

hna 957{-1 - E{a ‘nfa (2—5)

h(noaz Sonfa:€£a @r{a (2_6)

with f representing the appropriate quantum
number (s)for an electronic state.

If we designate the creation and annihilation
operator for the molecular state ¢/, by aff and
al,, respectively, we may rewrite the Hamilton-

ian (2-1) in terms of aff and af, as follows:1®
H:Z; Ef, al; dl.
prs

+5 5 5 Veams(fe; £8) alia;
a9’

na,mj3
Xaks ate @-7
where!®
Vaeons (5 8= (075 085 Viams ¢e 98 dr
-exchange terms. (2-8)

The operators @/} and af, are known to be the
so—called “Pauli operators” and satisfy the follow-

ing commutation relations:
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(@, a%5) =0 unless f=g and na=mp,

(ale, ais)=(a’y, a%i)=0,
.and

(e, ald)y =1 (2~9)
They are known also to satisfy the following
important sum rules:

‘;a{; al,= (2-10a)
_and

= '; als al.=oN,

where N is the number of unit cells in the

(2-108)

crystal and ¢ denotes the number of molecules
-contained in a unit cell.

In the molecular exciton theory we use the
(localized) electronic exciton creation and annihi-
lation operator, B and Bf, instead of af; and
al.. According to Agranovitch B and Bf, can

be defined in terms of af} and «f, as follows:

(2-11)

Bli=al; a% and BlL=all al,
where the superscript 0 represents the elec-
tronic ground state and f the excited state. The

occu pation numbers for the state f and 0,
Nuo(f) and N,o(0), respectively, are given by

Nuo(f)=dal} af. and N, (0)=al; i,
(2-12)
It is obvious that N, (f) and N,,(0) are equal
to either 1 or 0, and if N,o(f)=1, N, (f") for

some other state f” is zero. Hence, it is always
true that

Nua (f) Nuo(0)=0

for the state f other than the ground state.
Therefore,
Bl Bl.=al! ab &} al.
:Nna(f) [l_Nna(O)]
=N ()

=alT al (2-19)

.Accordingly, B+ and B also satisfy the sum
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rules

S BIF BL=1 (2-15a)

f

and
Z; B!¥ BL=0oN.
It can also be shown that the statistical consider-

ations lead us to the conclusion that B and

B{, approximately satisfy the following commu-

“tation rules:

(BL, BL1=1, (2-164)

(BL, BE)=(BL, Bi:)=0, (2-165)
and
(BL, Bi5) =0 unless na=mf and f=g.
(2-16¢)

That is, in this sense BLS and BZ, are the Bose
operators. In Appendix I it is shown that the
Hamiltonian (2-7) may berewritten in terms of

B! and B, into the following form:
H:Eo+zf;0)4.{z BfF B,
5 Z0 5 Vaams(f0 0F) (BL +BL
F0)

na, mf
% (Bhst + Bl 2-17

" where

Ey=celectronic ground state energy for the en-

tire crystal in the presence of electric field,

=S[EL L 5 Views 00300 | (2-18)

“and

Le={EL—E}
A2 Vawms (£ 055 0) =V, ms(00:00) ).
(2-19)

The second part in the expression (2-19) mey
be regarded as the change in van der Waals
interactions for the crystal on eletronic excitation
of a single molecule in the presence of an elec-

tric field. The apparent form of the derived
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crystal Hamiltonian (2-17) may seem to resemble
those used by ‘other people,’® but unlike the
latter the effect of an electric field is implicitly
incorporated into the expression (2-17) since we
are working on the basis of ¢f, representation,

not on the ¢/ representation.

3. Diagonalization of the Crystal
Hamiltonian

In order to find the energy eigenvalues for
elementary excitation we have to diagonalize the

- Hamiltonian (2-17).
Tyablikov’s method of diagonalization of Hamil-

To do so, we adopt the

tonian of the quadratic form'®:?° and proceed as
follows. Suppose that by a canonical transform-
ation the Hamiltonian can be converted into the
following form in terms of a set of new Bose
operators £, and &,:

H=¢+ Z“E,,s,;g,,. (3-1)

Then, the equations of motion for the operators

&, and &, may be written in the form

,gt_ &r=i(H, &)=iE&" (3-2a)

and

A =it ¢)=—iBg, (3-28)

where we have made use of the following pro-

perties of &; and £,:

. E)=d,. = [} bor wmed

0 otherwise (3-3a)

and
€, &) =(&5,80)=0. (3-36)

Now, we assume that Bl and BJ can be

written in terms & and &, as follows:
{uif (e, f)E0 + velna, f)E)
{3-4a)

Bl =2
#

and

=2 {u,(nat, )&, +of (na, HE}  (3-48)

p
Using the Hamiltonian (2-17), one can obtain .
the equations of motion for the operator B in:

the following form:
Bii=ilH, BL)=i{dl BlS

51 5 Vanme (05 OF) (B +BA)
o (3-5)

-
dt

Substitution of (3-4) into Eq. (3-5) and use:

of Egs. (3-22) and (3-26) yield
Z{Eﬂuf (ﬂ&’ f)s:“_Eﬂ}u(naaf)Eﬂ}

#”

=Y (&L (4L wi(na, f)

o

FE 5 Viems (S5 0F) (i, 1)
+o,*mf, £ +E(dL v, (na, )
+Z, L—v Vna m3 (fo Of/) (u (m‘Bfl>

+vﬂ (mp,f MY (3-6)"

since &, and &7 are linearly independent of each.
other, coefficients of these operators in Eq. (3-6)
should identically vanishing for all g Thus.

we obtain

(E.—4%) u,(na,f)=—(E,+ 48 v, (na, f)-
=2 2 Ve, ms(F05 OF) (uu(mB, f')
-I—v (mﬁ f ). (3-7)

We impose the following normalization con”-

dition on the solutions u.(an,f) and v, (na,f)..

; f?;ﬂ) {u# (naif) uu* (ﬂ(x,f) — U, (nayf)
vi (na, f )} =1 (3-8

Then Eq. (3-7) along with (3-8) uniquely de
termines the solutions z,{(na,f) and v,(ne,f).
Also, substituting (3-4a) and (3-48) into (2-
162) through (2-16¢) and making use of the
and (3-3b)

another important orthenormality conditions:

relations (3-3a) we can obtain

Su, (na, Yus (mB, f) —v, (nat, f)
’Uf (mﬁa f’)} :5nm5a,55ff’ (3-9")
and
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Sluu(nz, vl (mp, f)—vi(na, f)

Xu,(mB, f)}=0. (3-9%)

In Appendix II we derive some other useful
orthogonality u,(ne,f) and
v,(ne, f) and it will be shown that the eigenvalues
for Eq. (3-7), E,. are real and positive.
For simplicity, let
a,(na, ) == u,(na, )+ v,(na,f).

relations  for

We may rewrite Eg. (3-7) into the following
form:

E.— 4,
v, (na, f):——-lii‘f,—i—jf? u,(na, f).

(3-10)

It then follows from the definition of i,(ne,f)
and Eq. (3-7) that

W AS
2, £)=(1~-E22 ), (v, )

247
or zmu#(ﬂa,f)

Eut 4%

u#(nahf):=——‘ézﬁf—- @, (na, f). (3-11)

Substituting (3-11) into (3-7), we obtain

(Ei—41D) 7, (na, )
:2A;.{z E;féoyna,mﬁ (f()’ Of’) ﬁ,u(mﬁ:f,)
(3-12)

In Appendix III it is shown that if the relation-
ship (3-7) (or (3-12)) holds, then the Hamil-
tonian (2-17) is diagonalized into the following

form:
H:EO—;Eﬂ<§ ;.::mﬁ'p(n@,f) 1®

ate
+ ZE;/\. e
“

(3-13)

4. Determination of the Excitation
Energy £,.

In order to determine the elementary excitation
(that is, molecular exciton in the presence of an
electric field) energy, E,, we must solve Eq.
(3-12) with respect to the coefficients &, (na, f).
Since translational symmetry of the crystal

remains intact despite the presence of a uniform
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electric field e, we look for the solution of the

following form:

i, (na, f) = (No) V25 (e, f) exp(ik-r,.),
(4-1)

where k is the appropriate wave vector and r,,

is the position vector for the site (na) with re-

gpect to an arbitrarily chosen origin.
Subsitution of (4-1) into (3-12) gives us

(Ei—dDae (1, f)

=24 T 5 Vaam (JO3 O Yeik Cnsae

X kP (u, 7). (4-2)
It is difficult to obtain the solutions by solving
Eq. (4-2) directly because the factor V,, »s(f0;
0f’) interconnects two different (molecular) elec
tronic states f and f/. However, in order to
predict the position of a band center we may
restrict ourselves to the case for which f=f".
In other words, to a good aproximation we may
exclude all other terms except the term repre-
senting the intermolecular resonance interaction,
Vaermsg0; 0f). Then, Eq. (4-2) is further
simplified to

(E/zz—dﬁ) ﬁka (ﬂ’ f)
— 24{; 5/Vﬂa.m5(f0;0f) eik, Tmp=Tna?
X @, f)-

In molecular crystals where

(4-3)

intermolecular
interactions are weak energies for the exciton
states ‘are” noty much different from those for
the corresponding electronic states of a single
molecule in the crystal, and therefore one may
replace the term (E2—4[2) by 244(E,~40).

Hence
(E;A_Ay{a) ﬁak (ﬂ’f)

=2 Viaums (050 fet ms Tty (1, ).
4-4

The approximationjwe have just adopted is equi-
valent to the so-called Heitler-London approxi-

mation. 2 For convenience, let-us introduce two
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quantities called the equivalent sum and the in-
equivalent sum designated by LZ, (%) and Li (k)

respectively, which are defined as below:

LE-(B) =3 Vs, ma (£ 030 ek Cma=rie
(4-5a)

and
Lﬁ{ﬂ (k) :ZI/na.mﬁ (fo s Of)eik' Cmg=Tna (4_5b)
Since Ef, ¢/,

dependent of the
particular unit cell, we may drop such index

4%, Li(k), and L%A(Kk) are in-
index n which represents a
from the above-mentioned quantities without any
ambiguity. Thus Eq. (4-4) may be reexpressed
in terms of (4-52) and (4-58) as follows:

[E#*df:'—lz{a (k)] lzka(#’f)
-5 LB # ). @=1, 2,
Hwad (4_6)

E, can be determined by solving the secular
equation
det ({E,~4{—L{.(k)} 85— Lis(K))=0
(a=1, 2, 6; B=1, 2, 0) @1

Eq. (4-7), in general, yields ¢ solutions for E,,
which correspond to energy levels of the o ex-
citon bands in the presence of an electric field.
The oscillator strength of the photon induced
transition from the ground state to the state of

E, i

18

E
Fo(p)= ‘g%zzgzu‘ | % fgo) (eq- i

%@, (na, f ) et Tna |2 (4-8)

where @ is the propagation vector of the pho-
ton, eq the polarization vector of the photon
and pl={6{* u,.0%dc is the transition dipole. 22

Actual application of Eq. (4-6)
crystals requires knowledge of the crystal struct-

to molecular

ure data as well as experimental conditions
such as the polarization plane and direction of

propagation vector of the light wave used, and we

)

i

i3

cannot go further beyond this stage. However,
for illustration of the theory developed thus far
let us consider the case where two molecules are
contained in a unit cell. In this case the secular
equation {4-7) becomes

E,— 42— L1, (k)
 —LL(R)

—LL(k)
E~4—Lik) | =0
9.

The two solutions for E, of the above equation
are given by

E$(J) =3 (4+ 2+ L, () + L1, (B))

L (M~ 254 LB — L, () )2

+4|LL (k) |12, (4-10)

where we have noted the relation
LL(ky=L{;(k)*.

The solutions represented by (4-10) give two
exciton bands originating from the f-th electronic

state of an isolated molecule.

5. Stark Effect and Davydov Splitting

In order to discuss the Davydov splitting and
the Stark effect in molecular crystals let us con-
sider the case where two molecules are contained
in a unit cell. The two energy levels given by
(4-10) would be degenerate if it were not for
either intermolecular interaction or an externally
applied electric field or both, and the absorption
line corresponding to the transitions to such
levels (from the ecrystal ground state) would
constitute a singlet. Howewer, in actual crystal
spectra the would-be singlet will appear as a
doublet due to the presence of afore-mentioned
intermolecular interaction and an electric field,
and such spectral splitting can in turn be used to
estimate the effect of intermolecular interactions
and/or an externally applied field. One of the
difficult problems here is that an externally ap
plied field itself may influence indirectly the inter-

Journal of the Korean Chemical Society
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molecular interactions via reorientation of perma-
nent dipole moments and induced polarization
and thus affected intermolecular interactions them-
selves can in turn alter the strength of field
actually “felt” by molecules. This is the kind
of difficulty which is essential to all the many
body problems and must be treated in a self-con-
sistent manner. In order to avoid such a diffir
culty we take only the direct interaction between
the molecular dipole moment and an external
field into consideration in this paper assuming
intuitively that effect of the field on intermolecu-
lar interactions, particularly for weak transitions
in molecular crystals, may be ignored. However
in a paper subsequent to this we intend to de-
velop a method of estimating the magnitude of
such effect for the crystals where intermolecular
interactions are of appreciable magnitude.
Taking the difference of two energy levels

given by (4-10), we may write

AEs(k)=E;* (k) —E; (k)
= ({4~ 4L+ LL. (k) —LL:(k))?
+4| L5 (k) |52 (5-1)
In the exciton spectroscopy the selection rule
is k=@,?® where @ is the propagation vector of
incident electromagnetic wave. Since in the
region of electromagnetic spectrum which we
are concerned with here |Q|=0,?* we may re-
present the selection rule by |%k|=0. However,
when using such selection rule, one must be
careful because L. (k) and LI;(k) are nonana
Iytic in the vicinity of k=0. %2 In other words
there is no unique exciton band defined at £=0,
the center of Brillouin zone. If we, however,
specify the direction of & near k=0, we can
get out of this trouble. For an arbitrary direction
of & (or &) L{.(k) 1s not in general equal to
Lis(k), and Eq. (5-1) cannot be further simplifi-
ed and comparison of an experimentally measur-

ed splitting with theoretically calculated one

Vol. 19, No. 5, 1975

will become a complicated matter. However, if
we choose the direction of incident light wave
such that its propagation vector be either parallel
or perpendicular to the plane of symmetry of

the crystal, it may be shown that®
L (k) =L (k).
Under these ccnditions the spectral splitting is
given by
AE#(0) = (44— 202 +4|LL0) 1D
(5-2)
Since the change in the van der Waals energy

(2-19)) has keen as-
sumed to be affected very little by the presence of

{the second part of Eq.

an external field ¢, we may approximate J{— 44
by (E{—E{)— (E{—E}) and the latter can be’
estimated using the perturbation theory.

Application of the first-order perturbation theo
ry to Egs. (2-5) and (2-6) gives us

Ef—El= (e —e)—du’ ¢ (5-3a)
and
El—Ei=(cf—e)—dul-e (5-35)
where
Al =3 — S
= §pl* ol dr ~Jo0* paotdr (5~4a)
and
dpl =65 — ¥
=fol*usph dr—Joi*pers dr. (5-4b)

Au?% represents the vectorial difference between? |
the dipole moment for the f~th (excited) state
and that for the ground state in the molecule
with orientation @ and Jpf means the same
thing fer the molecule with orientation 8.

For pure molecular crystals ¢f=¢%, e2=¢!, and
| dph | =|dpi|=4uf since all the molecules in
the crystal are of the same kind. Hence

Ai—db~—(dpl—Apu%) -
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=dpf (cos Os—cos 8,)¢ (5-5)

where 6, and 8; are angles which g/ and dgf}
make with the electric field &, respectively. If
the molecular and crystal structure and the di-
rection of ¢ relative to the crystal axes are known
one can calculate the term (cos f5—cos 8,).
Substituting (5-5) into Eq. (5-2),
the following expression representing the ob-

we obtain

served spectral splitting:

AE£(0) = {4y (cos f5—cos 0,)¢}?

+41L{;(0) |12 (5-6)

If we measure the spectral splittings for various
strengths and directions of & while the propa-
gation vector of incident light wave is made to be
either parallel or parpendicular to the plane of
symmetry of the crystal, we can obtain the
values for Au/. If we plot JE;(0) against dp/
(cos Bs—cos b,)¢, we will obtain a hyperbolic
curve as shown in the Fig.1 provided thate is
not too large.

In the limit that e=0 we obtain 2{LZ;(0)|for
AE¢(0), which is the well-known Davydov
splitting. On the other hand if the Davydov
splitting 2! L%;(0) | is negligibly small, Eq. (5-6)
reduces to the relation used by Hochstrasser et
al. Thus our formula for the spectral splitting

2ILE 0N

lapf(cos 83~ cos B¢l

0

Fig. 1. Plot of AE/(0) against |du/ (cos §g—cos 0,2}
(not drawn to scale. The slope of asymptotic
line for the hyperbola is 1.)

(Eq. (5-6)) can be considered to represent the
combined effect of external field and intermo-
lecular resonance interactions correctly. Though
the type of experiment described here has yet to-
be performed, the results obtained by Hochstra-
sser and Lin¥ provide some evidences that the

formula (5-6) is indeed reasonable.

6. Conciusions and Discussions

We have developed here a theory to explain:
the Stark effect in molecular exciton states for
the crystals containing two or more molecules.
in a unit cell to the extent that the theory can
be applied to the case where the Davydov
splitting is not negligible compared to the Stark
splitting under the assumption that the externally
applied electric field is low enough for the change-
in intermolecular interactions to be ignored. The
result derived for the crystals containing two.
molecules in a unit cell correctly shows the com-
bined effect of both electric fieled and inter-.
molecular resonance interactions, and this in turn
can be used to estimate the values for vectorial
difference between the dipole moment for the
excited state and that for the ground state. There:
are two important points we have to mention in
connection with the experiment described here.
The first is that the measured quantity Jg/f itself
is not necessarily equal to the difference between
the magnitude of excited state dipocle moment
and that of the ground state dipole moment since
Auf is merely the magnitude of vectorial differ-
ence between these two dipole moments. Only
when the direction of molecular dipole moment
remains unchanged on electronic excitation, we
can regard Ju/ as the difference between the
magnitude of excited state dipole moment and
that of the ground state dipole moment. The
second is that in the experiment described here
the absolute sign for duf cannot be determined.

In order to determine the magnitude of dipole

Jourual of the Koreank Chemical Society
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moment for an excited state one must obtain the
additional information from some other sources
regarding whether the magnitude of dipole mo-
ment increases or decreases on electronic exci-
tation in a molecule. There are some indications
that the magnitude of dipole moment in mole-
cules is likely to decrease on electronic exci
tation. 2% The theory developed here can easily
be extended to the case where there are more
than two molecules except that the calculations
involved are more complicated than in the case

The observed
spectral splitting plotted against the applied field

of two molecules per unit cell.

strength is expected to show a hyperbolic curve
provided that the Davydov splitting is not
negligibly small and the applied field is not too
strong. If we can identify the factor group to
which the unit cell of the crystal under consider-
ation does belong, the actual calculation will be
greatly facilitated. Since we did not take into
consideration the electron spins and interactions
between them, the theory developed here may
be applied only to the case of excited singlet
states. Regarding extension of the theory to tri-

plet states we intend to publish elsewhere.

Appendix I
By making use of the various properties of
operators aly, al., B, and B the first term in
the Hamiltonian(2~7) may be rewritten as foll-

OWS:

— £
> 3 Ef ol
<
-
3
<

. r e p
E,q i an+2 Y ElL oal al.

m- f(‘x.,
:Z EL(1— ‘: ale al)+3 _fl,_J El, al. al,
b ne =
~Z F31+‘_ V‘ (E,,a E)) al7 al.

=Y BT T (E’ E))BL BL.

na ny

(AL-1)

Since the concentration of excited molecules is
very low, we may ignore the interaction be-
tween two excited molecules. Thus among the

second term in the Hamiltonian (2-7) we are

Vol. 19, No. 5, 1975

left only with terms involving V4, ms(£0: £70).
Voamg(00: fF "), Viamp(£0:0f’) and
Viaamg 03 £°0).

In this approximation the second term of the
Hamiltonian (2-7) may be shown to take the

form

2 Z. Voaempg(00;00) b abg an, als

—;;7 2 Vaems(FO:£0) ali dis ale b

+—— MZ"; Py Vua.mg(OF:0f) &S ali ave als
+—§— puy fg,m; Vams (JF 100Vl ali" ale aa
WZ,";,,%W w003 fF Vol a3 al aly
+1 2 2 0 Viemd £ 00 Nt abs ae ans

S
2 s f’(Z#O)j%:tO)ana mﬁ(of f O)and am@ Apa am{?
(AI-2)

We may rewrite (AI-2) in terms of B/ and BZ

as follows:

+1 3 Vam(00500) 1~ 33, BL B
X (1 Z Bf'+Bf,e)

+”_ Z, Z Vna mﬁ(fo fO)B;{;z Bn{;

2 wimih 103

><(1 Z Bmﬂ BiY)
2' 2 me ns(0f:0f)

namf

X (1 Z B{ *BioBls Bl

+7 Z Z nat, m,e(ff’ 00) B BI;
1 ’

+?na§n ‘. ;: na,mp (00 ff )B m@

t X5 Viema(£0:0£)BL Bl

+ 1 S Y Vw03 £0) B B

ey e PN

Terms involving the operators B" BfBL: Bi;
etc. are ignored since these terms represent the
exciton—-exciton collision terms which are of little
importance when the concentration of excited
molecules is low as in our case.

Assuming the states ¢».’s are nondegenerate,

we may take ¢/ as real functions. Then

Vi, ms (FO0) =f1 k12| s ® V,

ne,mB3 df
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—exchange terms,
Vaa,ms (£7500) = Va5 (00:£F7)
Viaa,ms (O 5£0) = Vg, 3 (050, ete.
Hence the second term of the Hamiltonian(2~7)

may be simplified to

1

? nZa Vrmr mf (OOOO)
— UZ:; fj_‘ na, m3 (00 OO) B B{a
WXM:,; f,s_» Vna m,é?(fo fo) B Br{ot

+—%—nazmi,f Z " ne, 'ﬂﬁ(fo Of )(B;{;f'*}’B
X (BT +BL). (A8

Collecting (AI-1) and (AI-3), we obtain the
Hamiltonian (2-17).

Appendix II
First we prove that the eigenvalues of Eq. (3
~7) are real and positive. From the normalization

condition (3-8) we have

E,=E, . {gow{u#(na,f)u#*(na, )
—uv,(na, {)v,*(na, £}

\{d;iu#(m ) P+dhv, (e, £ 12

nzz

; 5 Viam:(£0:0) 5 (nat, )
i, (m B 9, (AIl-1)

where we have used Eq. (3-7). Since the right-
hand side of (AII-1) is real,
Also, as shown by Tyablikov, 20 substitutions
(w,v)—=@'*, «'*) and E—~—E’ in Eq. (3-7

will yield another set of equations with eigen—

E, is also real.

values E',=—E,; however, the normalization

condition in this case should be written as

x EO {o ,(fro, ) u¥ (na, f)

—v,(na, f) v'F (ne, )} = =0,
Hence, the selsction of the solutions correspond-
ing to E>0 and the normalization condition
(3-8) automatically excludes the solutions with

E0.
Now we prove that

§ ﬂ}_,:o) {u,(nee, flul (ne,f)

—v,(na, v (na,f)} =4, (AII-2)

and

1§f(§)) {u‘u(nayf)‘vp’ (naaf)

—v,(na, f) u, (ne, f)}=0. (AIl-3)
From (3-7)

E, Z] § {lu,(no, flu)t (na,f)

-1, (naf)v (na, f)}

=3 3 Al {u, e ful (na, )
o, (n Y08 (VLT3

Ve, md £ 00, mpB, f)ak (na, f). (All-4)

Interchanging gz and g’ and complex-con-

jugating in (AIl-4), we have
E/t ;{f(zio){up(nasf)u;*’ (noz,f)—'v#(na, f)
v (na, )} :Z Z Aifu,(na, fluf (na, f)
+o, (na, f)dZe (ﬂa i+ AP
Ve m FO:0 005 (mB, i (ne, ). (A1I-5)
Subtracting (AII-5) from (.1I1-4), we obtain

(E,—E,) §f§0) {u,(net, ud (na, f)
—v,(na, vk (na, )} = (AITl-6)

On the other hand from (3-7) we may write
another identity as follows:

E, ;{ﬂ;o) {u,(net, o, (na, f)

—v,(ne, )y (ne, £} :glﬂg)duﬁ{uﬂ (ne, f)
v, (na, f) +v,(nea, fu, (na, )}

+ T V. me( FO:0f )i, (mB, )

mi fof
d‘ (na, f) (AIl-7)
Interchanging ¢ and ¢/, we obtain
HE..‘ Z Z { u(na f) Uyt (noz f) ‘"Uﬂ(ﬂa;' f)

e f=0)

Zl (71&' f) >_‘ Anc{l/.(na f)v/z (na f)
+v,(ne, f)ul (na A+ Z’f IZHO
/e i SOIOf Vit (e 5 f)u (na, ). (AIl-7),

we have

Subtracting (AII-8) from (AII-7),

(E~END 2 P2 {u, (na, /)z’/..r(na, £
o (na, e (e, )} = (AII-9)

Egs. (All1-6) and (AII-9) prove (AII-2) and
(AII-3), respectively.
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Appendix III
By direct substitution of (3-4z) and (3-4b)

into (2-17) and use of the commutation rules

(8-3a) and (3-3b) we obtain

H EO'_LZ A;z/z éy S,u +Z B#y §#E‘

S & w-ZI Dy 5,15,“ (AllI-D)

where

=% 5 A e, P (net, £

na

—é«n g;”z e (FO0S )Y (net, f)
@, (mB, 1),

Bu=% & b dwv#(na,f Yok (na, f)
‘ ;nazm;”z s (F0:0") i1, (net, )
ity (mB, f'),

1,1"‘2 S_‘ Anauy (naaf)v?f’ (nd,f)
+"'§;P 50 na mﬁ(fo Of,) (na,f)
iy (mpB, ),

and
D, Z E Amuﬁ,(na P (na, f)
L1 2' 5 Vaems(FO:0f,e (nat, )

Zaamﬁff

a,(mp, ).
Using Eq. (AII-7), we can easily confirm that

Cﬂ.“' Cﬂ T C#,U:O
Dypw=—Dypy Dpp=0.

Hence, terms involving &%&5 and £,§, vanish.

Moreover

Z All,l S/Léy + ZA‘ B##E 5+
_Z AnyuC,u +Z:By[z (5,4/‘*‘5#5 )

Py

=2, (A tBy DL + LB,

Since from (AIl-4)
Aﬂll' +B# u
=3 2 diuy (e, flu, (ne, f)

T v ) Yo, s £}
XS Ve (f0i0028

na,mf £, f'(+

gy (mB, f1)= E Opr
and from (I11-9a)

(nat, f)
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Zﬂﬂ#(na,f)ﬂi’ (mp, ")

=, (ne, ) +v,(na, )} (Wi
+of (B, F))

—22 v, (na, v (mp, f)
+2}3vu(na HuFms, 1)

*22 * (B, v, (na, f)

(mB, ")

we have

Z A fmﬁ“Z B,.
~ZE WS 7 E.(Z

na

A
S us e

2 ‘1t (ne, )19,

Thus the diagonalized form of the Hamiltonian
(3-13) has been justified.
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