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ABSTRACT. Slater type orbitals, located at two different points A and B, are expressed in a
common coordinate system by expanding the spherical harmonics and the radial part of these or-
bitals in terms of the reference point A.

Master formulas for two center overlap integrals are derived, using the general expansion for-
mulas of slater type atomic orbitals. Two center overlap integrals for CH;, H,O, NH,;, C,;Hg and
PH, molecules are evaluated, using master formulas for two center overlap integrals.

The results are in agreement with those of two center overlap integrals of Mulliken.
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Table 1. Master formulas for the two center over lapintegrdls. *

(Isi1s)=4(a/B) 73T[,

{2s|1s)=(16/3)12(a/B) %% Z,
{2p.|1s) =4 (a/B)> *cosfZ,
{2p.|1s) =4(e/B)5/2 sinf cosp Z;
{2p,|1s) =4(a/B)5/2 sinf sing Z,

{3s|1sp= ( )1/2 (a/B)772 V,
Gpl1sy= (i'—) 72 (a/8)772 sind cosp Vi
<3Py|15>=(-§~2~)1/ 2 (a/B)7/2 sinf sing V)

15
(3dz2115)=(—g_)1/2 (@/8)772 (2c026—sin26) Vs

<3d,,11s>=(§)1/2 (a/B)772 cosh sind cosp Vo
<3dy;lls>=<g€’)” 2 (a/B)7/2 cosg sinf sing V,

3
Bdagl1=(8 )12 @/6)72 sintt (cosPp—sing) V,
{Is|25y=4(a/B)%% Fy
<2p.125y=(%) (@/8)572 cost C
(sl =(%) @B Co
C2o.l29 =2 (/B2 sind cosp Cy
@, 129 =212 (a/p)2 sing sing Cy
pal29)=(3Z 172 (a/)"72 sind cosp By
(3p, 125 =( 32 )1/2 (a/B)7? sinf sing B,
el 2y =(32)72 (@/8)71* (20050 —sin’6) By
3)1/2 (@/8)7/% cosfl sinf cosp By
(3d,.12) :(32) /2 (a/8)7/2 cosd sind sing B

>=(8)12 @/ sin®9 (costp—sin’g) B,

3d, 1299 = (32172 (a/p)7/2 sintt coss sing B
(20,1205 =(% ) @B (Vort [2e00 —sin®) Vy— (1— (20020 —sin®9)) aZi}

{2p.|2p.>=4(a/B)5/2 cost sinf cosp (Va—aZ)
{2py|2p.y =4(a/B)%/2 cosh sinf sing (Va—aZ,)
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Gslzpy =322 (a/B)""? cosd (Wi—aVa)

Gp.l2py=(-2 135 Y2 (@/8)172 (Wo+ (20050 ~sin?) W— (1+ (20050 —sin?6))a Vi)

Gpol2y=(S2 )2 (a/)7/2 cost sind cosp (Wa—aVi) ' '

<3p,|2p,>=(%)1/2 (@/B)172 cosh) sind sing (Wa—aVi)

(3dalzpy=( 32 )2 (@/8)112 (3(2cos0—3cosfsin®) Wi+ 2c0s0 Wy (2cosf-+3 (20050 —3cosd sin®d)) aVa)

(SdulZp,>=( Z?g )1/2 (@/B)7/? {sinf cosd (Wi—aVy) + (4cos¥fsind—sin¥f) cosp (Wi—aVy))
<3dyz|2p,>=( g?g )1/2 (@/B)7/? {sind sing (Wy—a V) + (4cos?d sinf—sin%6) sing (Ws—aVy)}
2

G4, 120> = ( )1/2 (a/B)7/2 cosd sin® cosd sing (Wa—aVa)

<3d17—.v’ | 2pz>

/—\wl

%)1/ 2 (a/B)7/2 cosf sin?@ [cos’d—sin?p) [(W3—aVy)
{2p.|2pp = (?) (a/B)5/2 (Vo— [—21— (2¢c0s20 —sin?f) + —g— sin?f (cos?p—sin24)] Vo—(1— —21— (2¢os28 —sin2f) —
sin?f (cos%p —sin?g))aZy}
@ocl2p=(-2)112 (@)% cost sind cosp (Wa—aVi)
<2p,|2p.y =4(a/B)>/? sin’f cos¢ sing [Vz —aZy)
{3p.|2p>= ( )1/ 2(a/B)7/2 {W, (200520 —sin?f) W,o— {1 ——2— (2c0s20 —sin?f)) aV1+ > sin?f (cos?¢ —sin?g)
(We—aV1]}
@sl2py=(-2 )12 (a/p)"72 sind cosp (Wi—aVe)
@p, |20y = (_'%E,_)l/z (a/B)172 sin0 cos sing [Wa—aVi)
{3d..|2p.> = (%)1 /2 (a/B)7/2 {cos@W;— —21— (2c05°0 —3cosf sin%d) W3— [cosf — fl (2c0s%0 — 3cosf éinzﬁ)] aV,
+g cosf sinf (cos’p—sin?g) (Wi—aVa))
{3d.:|2p.>= ( )1’ 2 (a/B)7/2 {—sind cosp (W)—aVo) + o3 [460520 sinf —sin3d) cos¢ (Wi—aVs)}
{3d,,|2p>= (ﬁ_)ll 2 (a/B)7/? {sinf sing (Wi—aVy) — 1 [4c0520 sinf —sin®d) sing (W3—aVy) +% sin%4
(3sing—4sin®) (Ws—aVs)}
{3d.;|2py= (-%g—)l/ 2 (a/B)7/? {sinf cos¢p (W1—aVy)— Z— [4cos?0 sinf —sin®F) cosgp (Wi—aV,) — —sm30
(4cos®d—3cosp) [W3—aV,)}
{2p,|2p0= (%) (a/B)5/2 {Vo— [% (2cos2f —sin2f) — —g— sin?6 " (cos?¢ —-sinztﬁ)] Vi—-(1— 71 (2cos?0 —sin2f)
+ —23— sin®f (cos?p—sin?g)) aZy}
(3s120,) =(SZ)72 (@/8)7* sind sing (Wi—aV)
Gpal2p,y=(32- 112 (a/ )72 sintf cosp sing (Wa—aV3)
Gp.l2py = ( 3; )1/ 2 (a/B)7/2 cosbsind sing (Wy—aVi)

{3p,y12p0 = ( 135 )” 2 (a/B)7/ z{Wo——Zl— (2cos%0 —sin?f) Wy— [1-—-21—(200530—sin29)] aVl—g’—sin?ﬂ (cos?p —sinZ@)
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(W2—aVy)}
3d,.12p,0= (32 32172 (a/B)172 (cod Wi~ (2c08%0—3c0sd sind0) W3 (cosf— & (2c0s% —3cosf) sin0)}aV
-—(7) cosd sin?d (cos’p—sin?g) (Wa—aVa)}
<3d,zI2p,>=—(23—225)1/2 (@/B)7/? [sind sing (Wi—aVo) — (4cos®® sind—sin%) sing (Ws—aV3))
3d.,12p,y= ( ) (a/B)772 (sind cosp (Wi—aVy) —i_ (4cos?fsind —sin0) (Wi—aVa)

+ 2. sin3f {4cos’p—3cosg) (W3—aV2)}

7

5
4
Bdep |2,y = (32 )1/2 (@/8)7/? (sind sing (W1—aVo) — 1 (4cos?d sind—sinf)sing (Wa—aVy)
5 Sin% (3sing—4sin’d) (Ws—aVa}

4
3 )1/2 (a/B)772 cosf [Hy—aBy)
(

2

¢3s13p>y=(

6

-3

3pel3p>=(L) (@/8)772 (Hot (2e00—sin?6)) Hy— (1+ (2028 —sin?6)) aBy)

Gp. |30y = )1/2 (@/B)7/% cosh sind cosp (Hz—aBy)

l\D
01

(22
$3p,13py = ( 64 Visz (a/8)7/2 cos) sind sing (Hp—aBy)

N)

{3d.:|3py= ( )“ 2 (a/B)7/2 {2cos8 H;+3 [(2cos30—3coshsin?d) Hi— [(2cosf+ 3(2cos3d—3cosd sinf)) abz}

w
KR
o

3

R

<3du13p=>=(

)1/ 2 (a/B)7/2 {(sinf cos¢ (H;—aBy) + (4cos?d sinf —sin®d} cosp (Hz—aBs}}

=
—
Do
52

64
25

yis )1/2 {a/B)7/2 cosbsin®f cos¢ sing [(Hz—aBj)

)1/ Z (a/B)7/2 {sind sing (H;—aBy)+ (4cos®d sinf—sin3d) sing (Hz—aBs)}

o
-

<sdy,|sp,>=(
<3dzy 13p.y = (

3d.,213p.> = ( ig )1/2 {a/B)7/2 cosf sin?d ([cos®d—sin®p) (H3—aB,)

@513 = (- )12 (e/B)™7% sind cos (Hy—aB)
e, 130=(E) (@/8)772 sin0 cosp sing (Hz—aBy)

<3dé|3pz)=—(£_$§.)1/2 (a/B)7/2 {sinf cos¢p (Hi—aBy) — (4 cos?d sinf—sin®d) cos¢ (Hz—aB,)}

34, 13p) = ( 1‘15;5 )1/2 (@/8)772 {cosd Hy—% (20050 —3cosh sin®f) Hy— (cosd— % (2080 —3cost) sin®0)) aBy

+ —g- cosg sin?d (Hs—aBj)}

{3d., [3py= ( %4 )1/ 2 (a/B)7/? {sind sing (H;—aBg) — [4c0520 sinf —sin®0) sing (H;—aB;)

'—'—4— sin3d [4COSS¢—'3COS¢] [Hg—-ng]}

(3s13p =( g,;‘s Y2 (a/8)"72 sind sing (Ha—aBy)

p,130,0=(&) (/B2 (Ho—F (2000 —sin®) Hy— (1~ 3 (20050 —sin%) }aBy — §sin®) (costp—sin’g)
(HZ-‘aBl]} =<3Pz‘3pz>

<3d,z;3p,>=_(?g4i7§.)m (a/B)7’% (sind sing (Hy—aBy) — [4cosf sinf—sin¥f) sing (Hs—aBj))
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8d13p,y=(~33=)* (@/B"* lcosh Hy~7 (2008 —3cost sin®0) Ha— (cosf— L. (200s%0—3ecout sind)) aBy
+§— cosd sin% (Hs—aB3)}
{3d.,|3p,» = 172 (a/B)7/2 [sin@ cosp [H;—aBo]—-— (4c0s%0 sind—sin30) cos¢ (Hsz—aBj)
1125
+15_ sin% (3sing—d4sin’¢) (Ha—aBy)}
<3d,._,.|3p,>=—(_§_§.)w (a/B)72 {sind sing [Wl—-aVo]—-% (4cos?d sinf—sin%) sing (Ws—aVy)

—% sin® (3sing—4sin®) (Wa—aVa)}

Gsldy=( )12 @/ [F (2c089—sin®0)Sp—F (1+ (2co—sin®0)) Wi+ (2c0s0—sind6) Vi)

331

(3dual3dy=(

&lw

) (/8772 (So+2 (acostf—sin) Spt3y (35cos*8—~30c0s0+3) Se—F (1+ (2eosth—sin®6))aW,

—3 (3(2cos0—sin®) + (3500840 —30005%0+3)) aWs-+ (143 (2c0s?—sin®)

~

+55 (35 costf—30cos®+3) a2V}

<3d,.l3d,:>=( 617‘45 )1/2 @/8)772 {3 cost sinf) cos (Sp+a?Vo) +—}i_ sinf (7cos%0 —3cosf) cosp (Sq-+a?Vs)

—2cosd sind sing aWi— 2 (Scosd) sinf sing-+8sind (cos¥d —3cos) cosp)aWs)
{3d,.|3d,:) = ( s )“2 (a/B)7/2 {5 cosf sind sing [S2+a2Vo]+ sinf (7Tcos30—3cos?) sing (Sq+a?Vs)

—2cosf sinfsing an——T (5¢c080 sind s1n¢+851n0 (7cos30—3cosﬂ) sing)a W3}

<3d,ylsd,=>=—( 13;3 )1/2 (a/B)7’2 {2sinf cosp sing (S2+a?Vo) +3 sin (Tcos™d—1) cosp sing (Sy+aVy)

+2sin2f cosp sing (1+ (7cos?f—1)) aWy}

{3d2]3d)=— ( 1‘35;3 )“2 (a/B)7/2 {—7— sin?@ (cos?p —sin®@) [Sz+ano]+ sin2f (7cos?0—1) [(cos?¢p—sin?@)

[S4+a2V2]+7— sin20 [cos’p—sin?) (1+ (Tcos?—1)) aWi}
(3ea13d>=(R) @B Sot+F (20080 —sin®) +3 sin (cosPp—sin’) Set 3 (5sin® (eos?h—1) (ot
| —sin?6) — (3500840 —30cos0+3)) Sa—(2+ (2eos0—sin%) + 3 sin0 (cos?p —sin$)) aW;
—3 (200820 —sin?) —2 (3500540 —30cos%-+3) +5sindf (cos’—sin’p) +10sin®f (7eos™—1)
(cos?p—sin®§))aWs+ (1+3 (20080 —sin®9) — 3 (35cos"'0—30c0520+3)+—11—i— sin? (cos?p —sin’p)
+—1T' sin?f (7cos?§—1) (cos’p—sin’p)] a®Va} =<3d,.|13d,.>
3 3) =(2) (278772 (1 cost sind cos Sy 32 (sind (Teos¥—1) cosp—Tsin% cost (4eos’$—3cous))
Si—3cosh sinf cosp aWi—3 (cosd sinf cosp-+5- sin’f cos! (4cos’p—3cosp) aWs
+%7§[coso sin0cos¢—11— sinf (7cos%0 —3cosf) cos¢+—Z— sin® cosd (cos’p—3cosd)) a2V}
34, 13d0=2 (a/ﬁ)”z{l?? cosf sinf sing S —-lzg—(sino (Tcos¥ —3cosf) sing—7 sindd cosf (3sing—4sin’)) S
—3cosf sinf sing aW—3(cosf sinf sin¢+§5— sin% cosf (3sing —4sin¢))aWs
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+17-5 {cosf sind sin¢—% sinf (7cos3¢ —3cosﬁ)sin¢+% sin®@ cosf (351n¢-—4sin3¢)]a"’Vz}
3., 134,00 = () (@/8)772 {1 cost sind cosg Sz——22- (sind (7eos —3cost) cosp—Tsind cosd (dcos’—3cos)) Su
—3cosf) sinf cosp aWy—3 [cosd sind cosp+3. sin cost) (4cos’p—3cosd)) aWs
+175 (cosf sinf) cosg{)—% sind (7cosso—3cos0)tcos¢—% sinf cosf) (4cos’—3cosg))a?Va}
<3d,z_,=13d,,>=(4§5) (a/ﬂ)”z{—%&cosﬁf sinf sing Sﬁ% (sinf (7cos@—3cos) sing-+7sin% (3sing—4sin6)) S,
+3cosf sind sing aWi+3(cosd sind singb—-?s— sin%d cosf (3sing—4sin’¢)) aW;

—175 (cos@ sinf singﬁ—% sinf (7cos3@ —3cosf) sin¢—% sin3@ cosf (3sing —4sin’P))a? Vz}
where a=pfr and a is the Slater constont for the atomic orbital in bra vector and § that for atomic orbital in

ket vector.

*Author omitted the subscript “1” of the polar and azimuthal angles in master formulas for two center overlap
integrals,

Table 2(A). Definition of the radial part integrals.

K | [Tatnrors exo(-arddr: .
0 1 2 3 4
2 T, To
3 Z, Zy Zy
4 Va Vo Vi Va
5 W, Wo Wi W, Wi
6 S, So S5 Sa S3 Sa
7 X, Xo X X2 X ¢

The above radial integrals were integrated elsewhere. 2!

Table 2(B). Definition of the radial part integrals.

K | [Terrork exp(—ardr, . .
0 1 2 3 4

2 F, Fy

3 C, Co C

4 B, By B, B

5 H, H, Hy H, ©H,

6 1, Iy L I, I I
7 E, E, E, E; E; E,

The above radial integrals were integrated elsewhere, 2

gl g AAEd AT o 49w
°
4 Tw;l(if:i:er ;‘::r::lp I:Ltegra] el spherical harmonies 8] A vy L  AL3o
Atol] 7|=24Al0] & L

‘ ! < Al A8 two center overlap integral 9 zt&
Table 1] AAgt 7124 CHy, H:0, NHg, Mulliken ] whfie] oste] AAd ks 3
C:Hg, 2 PH3##9] two center overlap inte- Table 3~74] AAsGct, ool A 2+ QA4
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Table 3. Two center overlap integrals for CHy molecule. *
Overlap Expansion . Overlap Expansion .
integral method Mullliken integral method Mulliken
s\ H> 0. 065569 0. 065557 {2p..|H) 0. 281441 0. 281426
{2s,|H>» 0.516917 0. 516870 @py | H> 0. 281441 0. 281426
{p..|H) 0. 281441 0. 281426 CH|H" 0. 183255 0. 183259
* H indicates 1s atomic orbital of hydrogen atom,
Table 4. Overlap integral for H;O molecule.
Overlap Expansion . Overlap Expansion .
integral method Mulliken integral method Mulliken
(2s0| HY 0. 479005 0. 479010 (2py0| HY 0. 302555 0. 302546
{2p:0| H) 0. 234263 0. 234279 Cpol HY 0 0
Table 5. Overlap integrals for NH; Molecule.
Overlap Expansion . Overlap Expansion .
integral method Mulliben integral method Mulliken
{2sy | Hy) 0. 503457 0. 503426 2p.n|HyY 0. 403210 0. 403250
{sy| Hy) 0. 061166 0. 061159 {2p.n|Hy) —0. 20165 —0. 201605
{2p.n|Hp 0. 163422 {2p,n| Hy) 0 0
{2p,~| H2) 0. 34190 0. 349157 {2p,n|H3) —0. 349190 —0. 349190
Table 6. Overlap integrals for C;Hg molecule.
Overlap Expansion . Overlap Expansion .
integral method Muliiken Integral method Mulliken
{1s., | Hy 0. 064357 0. 064352 {2p.,| H5» 0. 03348 0. 033425
1s,, | Hgy 0. 005852 0. 00550 {20, | Hy) 0 0
{2s.,|Hy) 0.512176 0. 512156 2Py | Ho) 0. 395521 0. 396080
{2, \ Hy 0.114967 0. 114941 {2p,.|H> —0. 395521 —0. 395555
{2p:z| HY —(0. 162806 —0.162779 {2p,e,\Hs) —0. 057899 —0. 057898
{2p: | Hey 0. 123236 0. 123204 (2pya | Hey 0. 057899 0. 057898
{2p. | Hy) 0. 456708 0. 456706 {2p:c, | Hy) 0. 066856 —0. 033425
{2pzq | Ha) —0. 228354 —0. 228345 2P| H 0. 456708 0. 456706
{2p.., | H3) —0. 228354 —0. 228345 {2p:c, | Ho) —0.033428 0. 066854
{2p:e, . Hp 0. 066856 0. 066854 (2p:ss | Hs) 0. 22835 0. 228345
{2Dye. | Ha) 0. 057899 0. 057718 {2p,..\ Hs) —0. 395521 —0. 395535
{2p,..| H3) —0. 057899 —0. 057898 {2Dy.,| Hey 0. 395521 0. 395535
{2ps., | He) 0. 033428 0. 033425 {20z, | H3) —0. 033428 —0.033425
2D+, } He) 0. 228354 0. 228345 {2p:.. | Hp —0. 123236 —0.123204
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Table 7. Two center overlap integrals for pH; molecule.

gx‘tr:g'a i fn};?ﬁ:iwn Mulliken 2::;‘;{' gﬁlﬁ!@ Mulliken
{1, Hp 0. 007522 0. 007521 {2pzp| Hp ~0. 012609 —0. 012607
(2s,| Hz) 0. 061072 0. 061064 (2p.p| H3) —0. 012609 —0. 012607
{2p.,| Hip 0. 016282 0. 016280 {2p,s| Hp 0 . 0

(2p.,| H1) 0. 025217 0. 025214 (2p,,| H2) 0. 021839 0. 021834
(2p,,| H3) —0. 021838 —0. 021834 (3d..p | Hap —0. 169746 —0. 169744
(3s,| Hy) 0. 444464 0. 444440 {84, Hs) —0.169746 —0. 169744
(3p.,| Hsp 0. 278324 0. 278303 {3d.q, | Hi) —0. 025220 —0. 025246
{3ps, | Hyp 0. 431048 0. 431039 (34, Hp 0 0

{3p=p| Hz) —0. 215524 —0. 215525 <3d,.,| Ha) 0. 294010 * 0. 293990
{3p.,| H) —0. 215524 —0. 215525 (3,1 Ha) —0. 294010 —0. 293990
(3p,, | HD 0 0 {3d.e—pe| Hy) 0. 262891 0. 262897
{3p,,| Ha) 0. 073299 0. 373280 {3d.2p2 Hy) —0.131445 ~0. 131441

=349 Slater 44+ Palke ¥ Lipscomb?]
# A A (Optimum value) ¥& A}-&3}4 o}

CH, £X}, Palke ¥ Lipscomb!®¢] A}-8-3 CH,
A9 7edAel F2% Hite CHEAS

Slater Y A#) =84 W two center overlap

integral & A A3l oh(Table 3).

H02x. O-H ZAgRelst 0.958A0 =
H-O-HA §7o] 104.5°0 H,O0EAHY  two
center overlap integral 2 A A3} tH(Table 4).

NH, £x. NH; ##9] two center overlap
integral & Palke @ Lipscomb®®] H¥F=%F
) 3te] A 48tgct(Table 5).

CHg#Xt. Palke ¥ Lipscomb!®e} CHg¥-#1<]
BB F=2& H3ld two center overlap integral
L A A3 o (Table 6).

PH,2At. Bayd ¥ Lipscomb'™s] Hy 725
e 5te] PHgE-A9] two center overlap integral
£ 4 &%}ﬁﬁ}(Table 7.

5. 1 #

Table 3~74 vehd RAAH
harmonics & A ¥ & H43te] AAAE two
center overlap integral 9 ko] Mulliken 9] two
cente overlap integral 8] 3} & o] 3} v
A& 717 4A 3 4 3¢ et Mulliken 9] ¥ o]
Ae Fig.1o] vehd A4 A % BA| 34

spherical

7 (One coordinate plane)!8Ale] | 3] 8lefokrl
two center overlap integral & A A% 4= gtk
=] ¢kom Euler ¥l 3 (Euler transformation)o
ojste] Aol FAHH Aol AAFEE FHEH
39 g okt two center overlap integral & Al At
T 4 Aok, T Gl HANA G2 pr, drs
9 d, 924 =842 Euler transformation ma-
trix & o &3] EAsleis A 3t Euler 24+ & H
ok FhE od & A & 2y sp-
herical harmonics & A7julyeo] odd FH A
¢} BrF B9 gl AANA g AFANE
A1EA AZRREH BAY o] 6, L 4ol I3t
o AR nZ Table 29 7124 & ALt 4
Al two center overlap integral—% A A = 9
t}. Mulliken &} w2 F4d A 2 Bel 94
% Slater AAH E349 FHEE SdfEz
g 8-S Fofgtcl. 2]} spherical harmo-
nics 8] AN AE F3EY AR Ao I
sgler BA # A3 Slater AAAEFTF
N&A AY FES A= F AA) e Ate]
g g 3tch, Futohel HolfaFEel e gr-
oup overlap integral'®?-& A A3} 32 & & Mu-
lliken o] Wil AE F49L9 3 & H7=
9 A3z HFARH R dpy,  dye, diy B
d;2_2 AETSFE dr AA ]2 3okt
two center overlap integral -2 A A% 4= gl =},
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¥AA 2 Orevlap Integrale] A28 Spherical Harmonics A7 ulye] ¢4 . - Az

28] v} spherical harmonics A ol A & &7k
=9 AR E F5029 Hzz FzuIsy
ol YAHA =FFA0]2] two center overlap
integral & A 4% % 3l o] Ao] A5,

# A

2 q79 d¥E 35 New South Wales o
] ZeE3teseA PP es ¥ ATE
A z3ted F4 5F New South Wales o} w]%z
22314737 Prof. RRM. Golding o 743}
= upolrf,
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