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The hyperfine integrals for 4d orbitals have been evaluated adopting a general method which is applicable to a general
vector, R, pointing arbitrary direction in space. The operator and the spherical harmonic part of 4d orbitals are expressed
in terms of R and ry and the cxponential part, rlexp(—28r), of 4d orbitals is also translated as a function of R and ryand
then intergration is performed. The radial integrals for 4d orbitals are tabulated in analytical forms. The hypetfine integrals
for 4d orbitals are also represented in analytical forms, using the specific formulas of radial series which we found.

1. Introduction

Since our interest is centered on the NMR shift arising from
the electron orbital angular momentum, and the electron spin
dipolar-nuclear spin angular momentum interactions for 44"
systems in the octahedral crystal field, it is necessary to cvalu-
ate the hyperfine integrals of the hamiltonian representing
the pseudo contact part of hyperfine integrals,!

H=H,+ H, ("
where
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Here the first part represents the Fermi contact term and the
second part, H,, the pseudo contact term. ry is the radius
vector of the electron about the nucleus with nuclear spin
angular momentum, I, as shown in Figure 1.

In order to evaluate the hyperfine integrals involving 4d

orbitals, we adopt the general method which has been develo-
ped by Golding and Stubbs.2 This method is applicable to a
general vector, R, pointing in any direction in space, which
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Figure 1. The coordinate system.
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is different from the other methods developed previously.”

The purpose of this work is to evaluate the hyperfine inte-
grals involving 4d orbitals which are required to investigate
the NMR shift for 4d” systems in a strong crystal field of
octahedral and tetragonal symmetries. As far as we are
aware no previous attempt has been made to evaluate the
hyperfine intcgrals involving 4d orbitals.

2. Evaluation of the Hyperfine Integrals

We choose SCF function of the form,

Gin=Nrttlexp(—pr) Yin(0, $) 3

where / and m are usual quantum numbers which have in-
teger values, N a normalizing constant, § the optimized or-
bital exponent.? Therefore the electronic wave functions in
real notation for 4d orbitals are,
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The hyperfine integrals are evaluated by expressing the
electron coordinate system (), in terms of R and ry (Figure
1) Using the following identities®

Y@, $) =5 5 T2 S5 (- D43l )

Az (21+1)!
X{ CLF DL+ } Shilanymy| Lol >

XR"Y]","(G, ¢) rNIZYIzmz(aN- ¢N) (5)

and

2 exp(—26r) =4z i Fa(R, ) i X8, B) Y010, )

(6)
where®
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where r.. is the smaller of the pair R, ry and r, is the larger
and I, and K, are the modified Bessel functions.

Since we are interested in the hyperfine interactions arising
from the electron orbital angular momentum and the elec-
tron spin dipolor-nuclear spin angular momentum interac-
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tions, it is necessary to evaluate the hyperfine integrals invol-
ving the electron orbital anguar momentum -nuclear spin
hyperfine interaction (the integrals of /y,/ry") and the hyper-
fine integrals arising from the electron spin dipolar--nuclear
spin angular momentum interaction (dipolar integrals). We
shall evaluate the two hyperfine integrals separately.

Dipolar Intcgrals. The hamiltonian representing the

dipolar hyperfine interaction may be written in dyadic
notation as

H i BsEN HBIUN S T I (8)

where T 'is a symmetric tensor whose components are given by

Taﬁ: (.'ir'N,,rNﬂ—erﬁ,,ﬂ) /rN5 9
In calculating integrals of H,, it is required to consider inte-
grals of form,

<¢lm' | Tnﬁ‘ ¢lm> (10)

To evaluate the above integral, the 4d orbitals are expressed
as a function of R and ry using equation (5) and (6). As an
example, the 4d,. which is expressed as a function of R and
and ry takes the following form,

1
= (L) X0t e 1) (e8]
X (}’N— Y) (ex—Z)exp[—B{(zx—X)?
1
+n—Y)2+(2n—2)% 7] (1)
where X, Y and Z are the components of vector R and xy,
¥y and zy the components of vector ry in Figure 1. The

dipolar operator, T,g, is also expressed in terms of ry. For
example,

Tzzz(stz/er—-l)/an (12)

Therefore
<4dyz| T11|4dyz>
=N2 [ G 1) (= V)2 (zn = 2)°
X rzﬁg‘ﬁz‘@_m dyxdzy Ca3)
N .
The homogenous polynomial in equation (13) is expanded in
a series of products of form using digital computer,
XIY™Zn oy gt 20" (14)

where ({+m+n+p+qg+4+r)=6 or 4 for dipolar integrals.
Using the following identities?
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The product functions represented by equation (14) are
transformed to products of spherical harmonics,

Xt Y"'Z"INPquerzz; Az—_t;',cmm' (Ly, My La M)
YL]M[ (87 ¢) YLzhlz (oNv ¢N) (17)

where the C,,, (LiM,; L,M,) are functions of R and ry.
Next, the radial part of r?exp(—28r) is translated using
equation(6), resulting in the integral being a large sum,

<¢lm| Taﬁl¢lm’>
=N2 S35 S dn | o (LaMis LMD ha(R, i)

xS Y,%(0,0) Y1 (6,9)

2z (‘=
[ Yk O 80 Vi O, ) xsin Oy dy diy
(18)

where the radial and angular parts are separated. Using the
formula,

7 "2z
[ Vi O 800 Ym0, ) sin Oy O dip
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4
L I, 1 zll I 0
(m] mzm)(()oo) (19)

selection rules are obtained on n and h. The reqired dipolar
integrals are listed in appendix.

The Radial Integral. For the 4d orbitals, we define the
radial integrals as

Ru® O =45 (=R %, (R, rdry 20)
where £=28R and further, for convenience

1, (8) =R, (8)

v, (8) =R, ()

wa(8) =R, P ()

z,(6) =R,V ()

¥a(0) =R, (1) (21)
This definition provides a suitable notation that enables easy
handling of the radial parts of the hyperfine integrals. From
the angular parts of the hyperfine integrals we obtain sclec-
tion rules on n. The required radial integrals are listed in
Table 1.

The Integrals of ly./ri® To evaluate the hyperfine inte-
grals arising from the electron angular momentum-nuclear
spin interaction, it is necessary to evaluate the following two
center integrals,

<¢Im' ”N(x'/rN3 I ¢lm>
where

IN= —ihrNXAN
Here the wave function

dm=Nrt' exp () Y, (0, ¢) (22)

is expressed as a function of the cartesian coordinates of R
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TABLE 1: The Reguirced Radial Inetgrals for 4d Orbitals
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and ry and the differentiation is performed. The net result
is that

¢l;;' “lN'l;; ¢lm
={f (R, rn)e ¥ 4-glh (R, ry) rie 2
+hm'm(R, rN)e—2ﬁr} /"N3 (23)

where f3)., g®. and A, are homogenous polynomials
of the cartesian coordinates of R and ry,° respectively. The
two center hyperfine integral is thercfore transformed to
the form,

<¢lm’ ”Na/rNS' ¢lm>
_N? I " dandindIn (o) (R r)e 4 gD (R, )
0 N’
P2~ B2 (R, rN)e“zﬁ’] (24)
The integral <¢ |—~-¥¢1m) where <@y | and |Gy >
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are real wave functions, is a purely imaginary quantity and
is equal to

<G el 1V huml il o | B> (25

Therefore the integrals involving exp (—-28r) vanish in equ-
ation (24). The remaining integrals can be written as

j f e (gln (R, 1)

g (R, r)) A0sin®0y diy dii 29

<¢lm “Na/rN l ¢lm> -

Using equation(15) and (16), the homogenous polynomials,
29, and g, are expanded in terms of a sum of products
of the harmonic polynomials and the radial part, rfexp
(—28r), is translated using equations(6), and then integra-
tions are performed. The required intcgrals of Iy,/ry® are

listed in appendix.
3. Results and Discussion

A number of the hyperfine integrals arc evaluated using the
method in the previous section and then a general expression
is derived for the integrals

<(.6lm’ ‘ Taﬁ | ¢1m> and <¢lm’ ‘lNa/rNa I ¢lm>

by extracting the coefficients of the various radial integrals
from the quite general expression for the above integrals.
One example for 4d dipolar integrals is given in the following,

<¢1m‘ | Taﬁ] ¢lm>
=C;{us+4v;+ 6w+ 45+ 36} Ye, (6, D)
+Cylus+ (4—A) v+ Avs+ (6— B)wy+ Dy
+ (@—C)x3+Cxs+ 34} Y4, (8, D)
‘}‘Cg {u2+ (4 —A’)‘U1+A'03+ (G—B’ —‘CI)IU[)‘}' 1}"[02
+C’W4+ (4_A') ’L'1+A’.‘U3'|‘y2} sz(e, ¢)

+C.,{ 2+ (14v1+ g vg) + (g wot+ -lglwz)

+4x, +y0} Yo (8, 9) 2N

In equation (27), the eleven unknowns p, 4, B, C, A', B, C’,
Cs, Cy, C, and C, are determined using a computer progr-
am which was written to evaluate the large number of the
required integrals in an analytical form. The specific formulas
for the dipolar integrals and Iy, /ry® are listed in appendix.
From appendix, it was found that the radial series for the
dipolar integrals and the integrals of In,/ry® follow 1 : 4 :
6:4:1 and 1:3:3:1 patterns, respectively. Such
patterns were also found in the radial series of 3d orbitals.?

The dipolar integrals and the integrals of Iy./ry® listed
in the appendix can be used to evaluate the NMR shift
arising from the electron angular momentum and electron
spin dipolar-nuclear spin angular momentum interactions
and the hyperfine interaction tensor components for 4d”
systems.

Appendix A. Radial Series
(a) Specific formulas for the integrals of len/rn®
n1=y0+31x+(%wu+»%wg)+v1
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Appendix B. The Hyperfine Integrals
(a) The integrals of <¢; IlNa/fN3|¢‘1
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(b) Dipolar Integrals
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Molecular Reorientation in the Presence of the Extended Diffusion of Internal

Rotation in Liquid Perdeuterotoluene

Doo Soo Chung, Myung Soo Kim, Jo Wbong Lee and Kook Joe Shin'

Department of Chemistry, Seoul National University, Seoul 151, Korca (Receivad Auqust 26, 1982)

The effect of internal rotation of methyl group in liquid perdeuterotoluenc on nuclear quadrupcle relaxation of meihyl
deuterons is investigated. A model of a spherical diffusor undergoing rotational diffusion is extended to include the extended
diffusion of internal rotation. The overall reorientational correlation time in the presenice of internal rotation is explicitly
given as an analytical function of the angular momentum correlation time. Also, the degree of incrtial cffect in the internal

rotation is cvaluated.

1. Introduction

Nuclear magnetic relaxation measurements arc widely
used in understanding molecular dynamics in liquids.1™®
Interpretation of the experimental data in terms of the ro-
tational diffusion model’"? is a common practice. However,
this model is based on the assumption of small angular step
diffusion and can not describe the inertial effect properly.
In 1966 Gordonl!® proposed an extended version of the rota-
tional diffusion model and applied it to linear molccules.
His model is free of the restriction on the size of angular
steps but assumes that both the magnitude and direction of
angular momentum are randomized at the end of each free
rotational step (J-diffusion) or only the direction is ran-
domized (M-diffusion). Since then, Gordon’s extended dif-
fusion theory was developed further to deal with spherical
top molecules!! and symmetric top molecules.!> "

Recently, Versmold* studied the internal rotation of a
side group attached to a spherical diffusor in terms cf
the extended diffusion model. He treated the overall rota-
tion of a spherical diffusor by the isotropic rotational diffu-
sicn and proposed a scheme to incorporate the inertial effect

of the extended internal rotation. His theory is limited, howe-
ver, to a certain range of the angular momentum correlation
time. Furthermore, all the calculations in his theory have to
be carried out by numerical integrations. We have reported
earlier!! a general scheme of calculating the internal correla-
tion time and the overall reorientational correlation time as
analytic functions of the angular momentum correlation
time without any restriction on the range of validity. The
purpose of this work is to apply our general scheme to the
nuclear quadrupolar relaxation of methyl group deulerons
in liquid perdeuterotoluene and evaluate the degree of iner-
tial effect of the internal rotation.

2. Theoretical Background

Application of the cxtended diffusion model to describe

" the internal rotation of a side group such as the methyl group
in toluenc can be simplified if we assume that the internal

rotation about the z-axis of molecular coordinate system is

one dimensional. Tn this case, a modified version of the ex-

anded diffusion model of Spiess. ¢f al? may be adopted.
In this modinied version. enly the magnitude of angnlar mo-
mentum is rapdomized at the end of cach free rotational step.



