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The fluctuations in concentrations of reactants dominate the long-time dynamics of the single (A + A → 0) and
two species (A + B → 0) diffusion-influenced annihilation reactions. Although hierarchical Smoluchowski
approaches can provide a systematic and flexible framework to deal with the fluctuation effects, their results
are too complicated to be analytically solved. For the efficient numerical calculation of the complicated
fluctuation effect terms, we show that the presented point particle approximation is not only practical but also
quite accurate for most conditions in diffusion-influenced reaction systems.
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Introduction
The single and two species bimolecular diffusion-influenced annihilation reactions, which can be denoted as A + A
→ 0 and A + B → 0, respectively, are ubiquitous in biological and chemical reactions. It is natural that they attract
increasing attention theoretically and experimentally. The
well-known universal behavior of these reactions comes
from the fluctuations in concentrations of reactants.1-4 The
long-time reaction rate laws have been known as [A] ~
t −min(1,d/2) for the single species reactions and [A] ~ t −min(1,d/4)
for the two species reactions, where d is the spatial dimensionality of the system. Noting that the classical kinetics
predicts the rate law as [A] ~ t −1 for both reactions, the
fluctuation effects make the reaction much slower at long
times. Especially in a low dimension, the effects dominate
the long time dynamics.
One of a systematic and flexible framework to deal with
the fluctuation effects is the hierarchical Smoluchowski approaches (HSA).5-7 Their validity for single and two species
reactions has been analyzed.8-11 The result of HSA is usually
a set of coupled partial differential equations which are not
easy to evaluate even numerically.9-11 The fluctuation effects
make the numerical evaluation further complicated. Efficiency as well as accuracy is crucial for the long time dynamics.
The point particle approximation (PPA) was suggested to
make the numerical evaluation of the complicated fluctuation terms more tractable.8,11 However, the validity of
PPA has never been analyzed rigorously. The main purpose
of this article is to verify accuracy of this useful approximation.
Theory and Results
The classical Smoluchowski approach (SM),12 which is
the oldest and simplest theory in the diffusion-influenced
reaction field, can measure a dimensional effect by predicting8

Kd/2(z )
1 - − --------1 - = L–1 ---------------------- ,
------3
[ A ] [ A]0
z Kd/2-1(z )

(1)

for the absorbing or the Smoluchowski boundary condition.13
Here, [A]0 is the initial density, L−1[ f(s)] denotes the inverse
Laplace transform of f(s), z = s , and Kv(x) is the modified
Bessel function of the second kind. It should be noted that all
2
variables are made unit-dimensionless such as s ← sR /D
d
and [ A ] ← [ A ]γd R , where R is the reaction distance, D is
d/2
the relative diffusion constant, and γd = 2π /Γ( d/2) with Γ
gamma function (γ1 = 2, γ2 = 2π, and γ3 = 4π). The long-time
asymptotic result of Eq. (1) gives [A] ~ t −min(1,d/2). The
validity of SM for the single and two species reactions was
analyzed in detail.8 SM is qualitatively correct only for the
single species reaction mainly because it is the mean-field
theory.8
Among theories treating the fluctuation effects, HSAs5-7
can provide a systematic and flexible framework in a
complicated reactive system, although they are not exact.
The results can be obtained by solving the coupled diffusionreaction equations numerically. For the single species
reaction,
d
[ A-] = –k( t )[ A ]2
---------,
dt
0

k( t ) = k ρAA (1,t ) ,

(2)
(3)

∂ρAA (r,t ) ⎛ ∂2 d – 1 ∂ ⎞
-------------------- = ⎝ -------2 + ---------- -----⎠ ρAA (r,t ) + Fd( ρAA )ρAA( r,t ) ,(4)
r ∂r
∂t
∂r
where k0 is the intrinsic rate constant and the fluctuation
factor is given by Fd( ρ ) = 2k (t )[ A ] {1 – Xd( ρ ) } .8 Note that
the concentration [A] can be obtained from the time-dependent rate coefficient k(t), which can be obtained from the
reduced distribution density function ρ(r,t), which, in turn,
can be obtained from the partial differential equation with
diffusion and reaction terms. The expressions of Xd(ρ) are
known only in regular dimensions as14
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X1(ρ ) = {ρ( r – 1 ,t ) + ρ( r + 1,t ) }/2 ,
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(5)

2

1
ρ( r + 2rr′ + 1,t )
1
X2( ρ ) = --- ∫ dr′ ------------------------------------------ ,
π –1
1 – r′2

(6)

r+1

1
X3( ρ ) = ----- ∫ dr′ρ (r′,t )r′ .
2r r – 1

(7)

Here, variables are made unit-dimensionless again as
2
0
0
d–2
r ← r/R , t ← Dt/R , and k ← k / (γd DR ) . The equations
for the two species reaction are given by
d[ A]
----------- = –k( t )[ A ] [ B ] ,
dt
0

k( t ) = k ρAB( 1,t ) ,

(8)
(9)

∂ρAB( r,t ) ⎛ ∂2 d – 1 ∂ ⎞
-------------------- = -------2 + ---------- ----- ρAB( r,t ) + Fd( ρAA )ρAB (r,t ) , (10)
⎝ ∂r
r ∂r⎠
∂t
∂ρAA( r,t ) ⎛ ∂2 d – 1 ∂ ⎞
-------------------- = -------2 + ---------- ----- ρAA( r,t ) + Fd( ρAB )ρAA (r,t ) , (11)
⎝ ∂r
r ∂r⎠
∂t
For simplicity, we set [A] = [B] and ρAA( r,t ) = ρBB(r,t ) by
assuming R = RAB = RAA , D = DAB = DAA , [ A ]0 = [ B ]0 ,
ρAB (r,0 ) = ρAA (r,0 ) = ρBB(r,0 ) .
The physical meaning of the last terms in Eqs. (4), (10),
and (11) is the difference between the global concentration
decay and the local competitive reaction. When these terms
become negligible, namely, Fd(ρ) = 0, above coupled differential equations give the analytical result, which is the SM
result [Eq. (1)]. Therefore, careful treatment of Fd(ρ) term is
critical to analyze the fluctuation effect. Previously, we suggested PPA for this term8,11
Xd( ρ ) ~ ρ (r,t ) ,

(12)

by noting that this approximation becomes exact when
R → 0 as easily shown in Eqs. (5)-(7). PPA is quite practical
since the additional numerical integration often increases the
computing time drastically. For instance, using ten times
larger number of spatial grids can cause hundred times larger
computing time due to the direct integration of Eq. (7). PPA
also makes the dimensional dependence of Xd disappear.
This is a useful advantage for the study of reactions in fractal
dimensions.11 In this article, we will verify the accuracy of
this useful approximation numerically.
As the density of reactants increases, the correlation effects
between non-reactive reactants become non-negligible.
Especially, the excluded volume effect increases.15-17 From
Eq. (5), PPA including the excluded volume effect (PPA_EV)
can be suggested as follows:
X1(ρ ) ~ ρ( r,t ) {1 + H( r – 2 )}/2 ,

(13)

where H(r) is the Heaviside step function. Note r ≥ 1.
Results and Discussions
Since above coupled partial differential equations are not

Figure 1. The time-dependent survival probability of A + A → 0
reaction in one dimension for [A]0 = 0.02, 0.2, and 2.0. The solid,
dashed, and dotted lines are obtained from the full numerical
solution11 of Eqs. (2)-(4), SM or Eq. (1), and Eq. (14), respectively.
The closed and open circles are obtained from the approximations
of Eq. (12) and Eq. (13), respectively.

analytically solvable except simple cases, we have to rely on
the numerical methods to obtain results. Efficient numerical
methods for solving above coupled diffusion-reaction equations have been suggested9,10 and recently generalized.11 The
methods are useful especially for the investigation of the
long-time dynamics because of the adaptive size for both
time steps and spatial grids.
In Figure 1, we plot the survival probability functions of
the single species annihilation reaction in one dimension.
Note that the fluctuation effects are stronger in a lower
dimension. For comparison, we plot two additional results of
SM and Torney and McConnell.18 The latter was given by,
[ A ] = [ A ]0Ω( [ A ]0 t ) ,
2

(14)

where Ω(x ) = exp( x )erfc( x ) with the complementary error
function erfc(x). It is well-known that SM predicts the
correct slope but quantitatively erroneous results by neglecting the fluctuation effects in one dimension. While the Eq.
(14) correctly treats the fluctuation effects but neglects the
excluded volume effects, HSA can deal with the excluded
volume effects straightforwardly but shows some deviations
at long times due to its approximate treatment of the fluctuation effects.8
For relatively high initial densities of [A]0 = 0.02 and 0.2,
(Remember that the dimensionless density is defined as
[ A ] ← 2[ A ]R in one dimension) our PPA results show nearly perfect agreement with the full numerical results of HSA.
It is encouraging that the efficient PPA is shown to be quite
accurate in severe conditions. The virtually no difference
between PPA and PPA_EV means that the excluded volume
effects are not significant at these densities. When we increase
the initial density further up to a closely packed condition of
[A]0 = 2.0, the non-negligible excluded volume effects are
found as the difference between PPA and PPA_EV at transient times. One can see that the effects are efficiently treated
by PPA_EV and interestingly disappear in the long time
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2.0. The fluctuation effects of the two species reaction are
more dominant than those of the single species reaction.9
Note that SM is worse for A + B → 0. Similarly to the results
in the single species reaction, PPA is shown to be accurate
for [A]0 = 0.02 and 0.2 and PPA_EV can treat the excluded
volume effects efficiently for [A]0 = 2.0. We notice that the
small difference between PPA result and the full numerical
result does not disappear at long times for the case of [A]0 =
2.0, which is thought to reflect the complicated nature of the
fluctuation effects. Therefore, PPA is shown to be also
reliable for the two species reaction.
Concluding Remarks
Figure 2. The time-dependent survival probability of A + A → 0
reaction in three dimensions for [A]0 = 0.02, 0.2, and 2.0. The solid
and dashed lines are obtained from the full numerical solution11 of
Eqs. (2)-(4) and Eq. (1), respectively. The closed circles are
obtained from the approximations of Eq. (12).

We have verified that the point particle approximation for
the fluctuation effect terms in the hierarchical Smoluchowski
approach is reliable for most conditions in diffusion-influenced single and two species reactions. The approximation
is quite practical especially for high dimensional systems by
reducing the computing time significantly. It is of use for the
study of reactions in fractal dimensions by removing dimensional dependence. We also present the new approximation
by including the excluded volume effects in one dimension,
which is shown to be quite accurate even for the closely
packed condition. The usefulness of the present approximation is not limited to the hierarchical Smoluchowski approach in diffusion-reaction systems. It can be applied to
many theories based on the Kirkwood superposition approximation in the truncation of hierarchy.19
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