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Recently, it has been shown that quantum coherence appears in energy transfers of various photosynthetic lightharvesting complexes at from cryogenic to even room temperatures. Because the photosynthetic systems are
inherently complex, these findings have subsequently interested many researchers in the field of both
experiment and theory. From the theoretical part, simplified dynamics or semiclassical approaches have been
widely used. In these approaches, the quantum-classical Liouville equation (QCLE) is the fundamental starting
point. Toward the semiclassical scheme, approximations are needed to simplify the equations of motion of
various degrees of freedom. Here, we have adopted the Poisson bracket mapping equation (PBME) as an
approximate form of QCLE and applied it to find the time evolution of the excitation in a photosynthetic
complex from marine algae. The benefit of using PBME is its similarity to conventional Hamiltonian dynamics.
Through this, we confirmed the coherent population transfer behaviors in short time domain as previously
reported with a more accurate but more time-consuming iterative linearized density matrix approach. However,
we find that the site populations do not behave according to the Boltzmann law in the long time limit. We also
test the effect of adding spurious high frequency vibrations to the spectral density of the bath, and find that their
existence does not alter the dynamics to any significant extent as long as the associated reorganization energy
is changed not too drastically. This suggests that adopting classical trajectory based ensembles in semiclassical
simulations should not influence the coherence dynamics in any practical manner, even though the classical
trajectories often yield spurious high frequency vibrational features in the spectral density.
Key Words : Semiclassical method, Quantum classical dynamics, Excited state, Excitation energy transfer,
Photosynthesis

Introduction
Recently, there have been continued reports describing
long-lived quantum coherence in energy transfer processes
in pigment molecules of various photosynthetic light harvesting complexes. Experimentally, this coherence appears
with quantum beating in populations of involved quantum
states.1-4 In a sense, this behavior is surprising because
photosynthetic complexes are supposed to be in highly
noisy environment where quantum dynamical characteristics may not last for a long time. Even though the coherence was first observed at cryogenic temperatures,1,2 it was
later found even at physiologically relevant temperatures
with a marine cryptophyte algae system (Chroomonas
CCMP270),3 and later with Fenna-Matthews-Olson (FMO)
complex.4
Of the two, the marine algae system is of particular interest partly because the experiment was performed really at
room temperature (294 K) and the protein complex is from a
more evolved species. Specifically, CCMP270 involves phy†
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cocyanin PC645 protein complex. In general, cryptophytes
have tunable bilins, which render them to have different
absorption features depending on the species. Additionally,
they can photosynthesize even in low light conditions, evidencing that their energy transfer is very efficient.5 PC645
possesses two dihydrobiliverdins (DBV), two mesobiliverdins
(MBV), and four phycocynobilins (PCB) chromophores
enfolded in four protein subunits.6 Its structure was determined at 1.4 Å resolution by X-ray crystallography.7 In the
experiment,3 the central DBV dimer was initially electronically excited with a laser pulse and the excitation energy was
transferred to the MBV molecules. At the last stage, the four
PCB molecules absorb the energy from the MBVs.3
When treating the system theoretically, as the pigment
complex system is too large and too complicated to be treated
by quantum mechanical approaches for all the variables, a
quantum-classical method will be useful. One approach is
the quantum-classical Liouville equation (QCLE): in this
approach, the dynamics of excitations in the bilins will be treated
with quantum degrees of freedom (“quantum subsystem”)
and their dynamics is usually described by its reduced
density matrix. The remaining parts are treated as a “bath”
that mostly follows classical mechanics. When the classical
bath is composed of harmonic oscillators, it is known that
the evolution of the density matrix with the bath is exactly
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governed by quantum-classical Liouville equation regardless
of the number of bath modes.8
In this paper, we use an approximate version of QCLE,
called Poisson bracket mapping equation (PBME). It was
already presented with the FMO complex that PBME is
reliable in predicting the coherent behaviors at reduced computational cost.9 Here, we apply PBME formalism to study
the exciton transfer dynamics in PC645 from Chroomonas
CCMP270.3 The model Hamiltonian we chose is the form
adopted in a previous theoretical study by Huo and Coker
with iterative linearized density matrix (ILDM) method for
solving the quantum-classical equation.10 In general, we find
that PBME reproduces the more accurate but more timeconsuming ILDM results very reliably. We then study the
effect of changing the spectral density functions. The motivation for this investigation is the fact that the spectral
densities from molecular dynamics (MD) simulation often
show very different behaviors from simple model based
densities (such as Debye or Ohmic types) and even from
experimentally observed ones. The most prominent difference
is the fact that the spectral densities from MD simulations
have many large peaks in relatively high frequency regions
(> ~1500 cm−1). To investigate how such spurious peaks
affect the coherence dynamics, we add artifactual Gaussian
peaks to the original spectral density and then follow the
changes in the excitation energy transfer dynamics. Finally,
the long time behavior of PBME is investigated. Because
PBME does not satisfy the fluctuation-dissipation theorem,9,11
it is well expected that the long time behavior will deviate
from the correct Boltzmann distribution. We indeed find
such an artifact and observe that the population distribution
is skewed toward the high temperature limit. Based on these
findings, implications for future applications of PBME in
realistic systems are also discussed.
Theory

(2)

with its eigenvalue ελ and eigenvector |λ〉 with a dimensionality
N. The eigenvectors of course can form a subsystem
basis.8,12
Now let us suppose a vector space consisting of eigenfunctions of N fictitious harmonic oscillators with only two
allowed states with quantum numbers 0 and 1. We define a
mapping basis within this space as |mλ〉 = |01, 02, …, 1λ, …, 0N〉
with the creation and annihilation operators âλ† = (q̂ – ip̂) / 2h
and âλ = (q̂ + ip̂)/ 2h . Of course, the functional representation
of the mapping basis can be formulated with the mapping
basis coordinate q,
〈 q mλ〉 = 〈 q1, q2, …, qλ, …, qN 01, 02, …, 1λ, …, 0N〉
= φ0( q1 )φ 0(q2 )…φ 1(qλ )…φ 0( qN )

(3)

where the φ v(qλ) is the wavefunction of a harmonic oscillator
with the quantum number v.
The subsystem basis can represent any subsystem operator
N Aαα ' |α〉〈α'| with Aαα ' = 〈α|Â |α'〉 . Also, it can be repreÂ as Σαα
'
sented in the mapping space as Â → Âm , with a definition
N Aλλ' â † â . Thus,
Âm = Σλλ
' m λ λ′
λλ'

Am = 〈mλ |Am|mλ '〉 = 〈λ|Â|λ'〉

(4)

is symbolically satisfied. Also, let us denote the Wigner
transforms of ĤW and ĥs as Hm and hm, respectively, for
future references. With the above information, one can show
that the mapping Hamiltonian is
2

P
1- h ( r r + p p – hδ )
Hm = -------- + Ve( R) + ----λλ '
∑ λλ ' λ λ ' λ λ '
2M
2hλλ
'

(5)

with hλλ' representing the matrix elements of the ĥs operator.8
The quantum-classical Liouville equation
i
1
d
----ÔW (t ) = --- [ ĤW, ÔW ( t ) ] – --- ({ĤW, ÔW ( t ) } – {ÔW ( t ), ĤW } )
h
2
dt

Poisson Bracket Mapping Equation. The details of
deriving the PBME equation have been already presented by
earlier investigators.12-15 Here, for completeness, we will
give a brief overview. For solving the quantum-classical
Liouville equation, we consider the partial Wigner transformation to the total system with respect to the variables of
the environmental bath. Accordingly, the total Hamiltonian
is transformed as
2
p̂2
P
ĤW = -------- + ------- + Vs( r̂ ) + Ve( R ) + Vc( R, r̂)
2M 2m

p̂2
ĥs = ------- + Vs(r̂ ) + Vc( R, r̂)
2m

(1)

Here, Vs, Ve, and Vc are respectively subsystem, bath, and
subsystem-bath coupling potentials, and R and P denote Nedimensional coordinates and momenta of environmental
degrees of freedom with mass M. Also, r̂ and p̂ are the
operators for the phase space variables of the quantum
subsystem with mass m. When we need to designate the
position and momentum collectively, we will use X and x for
the bath and the subsystem. We also define the subsystem
Hamiltonian as

(6)
can also be represented with the mapping basis because all
the operators in this equation are partial Wigner transformed
and are defined in the subsystem space. By applying the
mapping formulation to Eq. (6) with Eq. (4), followed by
appropriate Wigner transformations, one can obtain
d-O
--m ( x, X, t )
dt
P ∂ ∂H ∂
1
∂
∂
= --- ∑ hλλ' ⎛pλ -------- – rλ ---------⎞ Om(t ) + ⎛⎝ ----- ------ – ---------m- ------⎞⎠ Om( t)
hλλ' ⎝ ∂rλ'
M ∂R ∂R ∂P
∂pλ'⎠
∂hλλ' ⎛ ∂ ∂
∂ ∂ ∂
+ h--- ∑ ---------- ------- -------- – --------- --------⎞ ------Om( t)
8λλ' ∂R ⎝ ∂rλ ∂rλ ′ ∂pλ' ∂pλ ⎠ ∂P

(7)

When the last summation is ignored,
d
∂
∂
1
P ∂ ∂H ∂
----Om(x, X, t ) ≈ --- ∑ hλλ' ⎛ pλ -------- – rλ ---------⎞ Om (t ) + ⎛ ----- ------ – ---------m- ------⎞ Om(t )
⎝ M ∂R ∂R ∂P⎠
hλλ' ⎝ ∂rλ '
dt
∂pλ '⎠
≡ iL̂Om ,

(8)
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where –iL̂ = {Hm, •} . As the evolution of the operator Om in
the mapping basis is represented by this Poisson bracket, this
evolution relationship is called the Poisson bracket mapping
equation (PBME). By equating the total derivative in time
(left hand side) together with the chain-rule formulations of
(r, p, R, P), one can easily show that the mapping and bath
coordinates and momenta behave exactly as in Hamilton’s
equations of motion:

2

2

r
p
– ---- – -----h

⎛ z ⎞ ⎛ z ⎞ –ipz ⁄ h
⎛ 2⎞ 1 ⁄ 2 h
∫ φ1⎝ r −+ --2-⎠ φ0⎝r ± --2-⎠ e dz = 2⎝ --h-⎠ e e
2
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(r±ip ) , (18)

2

r
p
– ---- – -----h

h
⎛ z ⎞ ⎛ z ⎞ –ipz ⁄ h
∫ φ 1⎝r – --2-⎠ φ1⎝r + --2-⎠ e dz = 2e e

⎛ 2--- ( r2 + p2 ) – 1⎞ ,
⎝h
⎠

(19)

one can easily show that
2

x
N + 1 – ----h
2

gλλ' (x ) = ----------e ⎛ rλ rλ ' + pλ pλ ' –i( rλ pλ ' – rλ ' pλ ) – h
--- δλλ '⎞ (20)
⎝
h
2 ⎠

dr
------λ- = 1--- ∑ hλλ'( R)pλ' ,
dt h λ'
dp
1
-------λ- = –--- ∑ hλλ' ( R)rλ' ,
h λ'
dt

In addition, from Eq. (4),
〈mλ'|ρ̂m|mλ〉 = ρ λW'λ ( X)

dR
P------ = ---,
dt M

(21)

Thus, the time variation of the physical observable becomes

∂V 1 ⎛ T ∂h
dP
T ∂h
∂Tr(h )
------ = – --------e – ----- r ------r + p ------p – h ----------------⎞
dt
∂R 2h ⎝ ∂R
∂R
∂R ⎠

(9)

To find the time variation of the physical observable corresponding to ÔW (t) , we start from the mapping basis representation of its trace with the density matrix:
〈 O( t )〉 = ∑ ∫ 〈mλ|Ôm(X, t ) |mλ '〉〈mλ'|ρ̂m|mλ〉dX

(10)

λλ'

For the first bracket in this equation, by applying the resolution of the identity in the coordinate space q and q',
〈mλ|Ôm|mλ'〉 = ∫ 〈 mλ q〉 〈q|Ôm|q'〉 〈 q' mλ'〉 dqdq'

(11)

Substituting q = r − z/2 and q' = r + z/2, this equation becomes
z
z
z
z
〈mλ|Ôm|mλ'〉 = ∫ 〈mλ r – ---〉 〈r – ---|Ôm( X, t)|r + ---〉 〈 r + --- mλ '〉 drdz (12)
2
2
2
2

Applying the inverse Wigner transformation
z
z
1 - e–ipz ⁄ hO (x, X, t )dp
〈r – ---|Ôm (X, t )|r + ---〉 = --------------, (13)
m
2
2 ( 2πh )N ∫
Eq. (12) can be further modified as:
1 - g ( x ) O (x, X, t )dx
〈mλ|Ôm |mλ'〉 = --------------,
m
( 2πh )N ∫ λλ '

(14)

where gλλ' (x ) is defined as
z
z
–ipz ⁄ h
gλλ'( x ) = ∫ 〈 mλ r – ---〉 〈 r + --- mλ'〉e
dz
2
2

(15)

This quantity can be obtained analytically based on the
coordinate representation of the mapping basis function, Eq.
(3):
*

z
z
z
gλλ' (x) = ∫ φ0 ⎛r1 – ----1⎞ … φ 1⎛ rλ – ---λ-⎞ … φ 0⎛rN – ----N-⎞
⎝
⎝
⎝
2⎠
2⎠
2⎠

(16)
From the following three relationships,
2

= ∫ Om( x, X, t)ρ̃m(x, X )dxdX

p

2

– ---- – ----⎛ r – --z-⎞ φ ⎛ r + --z-⎞ e–ipz ⁄ hdz = 2e h e h ,
φ
0
0
∫ ⎝ 2⎠ ⎝ 2⎠

(17)

(22)

where we have defined ρ̃m as
1 - g ( x )ρ λ 'λ ( X)
ρ̃m( x, X) = --------------W
∑ λλ'
(2πh )Nλλ
'

(23)

Therefore, to find the average evolution of any observable
O in time, whose adiabatic representation is known as Oλλ'
W ,
one first performs sampling of x = (r, p) at time zero that can
adequately represent the initial density matrix ρ̃m , and
integrates the equations of motion for the subsystem and
bath variables. At a later time t, the new distribution in (r, p)
is used to obtain Om(x, X, t) with the help of Eq. (4) as
O m ( x, X, t ) = 1
---∑ Oλλ'
(X )(rλ rλ ' + pλ pλ ' –i(rλ pλ ' – rλ ' pλ ' ) – hδλλ ' )
2λλ' W
(24)
It is noted that the imaginary part of the above equation
vanishes if ÔW is Hermitian. In any case, this time dependent quantity is combined with the initial distribution ρ̃m to
get the time dependent average 〈O(t)〉 . For population and
coherence dynamics, the appropriate operator for ÔW is of
course |λ 〉〈λ'| . For example, the population on site 1 is
observed with Oλλ'
w = δλ , 1δ λ', 1 .
The evolution of phase space variables is performed with
the following Trotter decomposition scheme.16 We split Hm
as Hm = H1 + H2 with H1 = P2/2M and H2 = Ve + hm, and the
time evolution operator over Δt is decomposed as
e

– i ( p z + … + pN z N ) ⁄ h
z
z
z
× φ 0⎛ r1+ ----1⎞ … φ 1⎛ rλ+ ---λ-⎞ … φ 0⎛ rN+ ----N-⎞ e 1 1
dz
⎝
⎝
⎝
2⎠
2⎠
2⎠

r

1 - O ( x, X, t)g (x )ρ λ 'λ ( X )dXdx
〈 O( t )〉 = --------------W
∑∫ m
λλ'
(2πh )Nλλ'

–iL̂ Δt

=e

–iL̂1 Δt ⁄ 2 –iL̂2 Δt –iL̂1 Δt ⁄ 2

e

e

(25)

with apparent definitions for L̂1 and L̂2 . During the first Δt/2
step, R changes to R + PΔt/2M, while others are kept constant.
–iL̂ Δt
The next task is to apply the middle operator e 2 , to
integrate the equations for positions and momenta with Eq.
(9). Because h is Hermitian, it is diagonalizable and the
differential equations of the subsystem variables can be
solved exactly. Namely, with h̃ = D–1hD , dressed coordinates
and momenta of the quantum subsystem are written as
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–1

r̃ = D r ,
–1
p̃ = D p ,

(26)

dp̃λ
1
-------- = –--- ελ( R )r̃λ' – α
---- r̃λ ,
h
dt
h

and the differential equations based on these dressed terms
are

∂V 1 ⎛ ∂ελ( R) ∂α⎞ 2 2 1 ⎛ ∂Tr( h ) ∂Tr(α )⎞
dP
------ = – --------e – ----- ---------------- + ------ (r̃λ + p̃λ ) + --- ---------------- + ----------------⎝ ∂R
∂R ⎠
dt
∂R 2h ∑
∂R⎠
2 ⎝ ∂R
λ

dr̃λ 1
-------- = --- ελ(R )p̃λ ,
dt h
dp̃λ
1
-------- = –--- ελ(R )r̃λ ,
h
dt

(33)

dR
------ = 0 ,
dt
∂V 1 ∂ελ( R) 2 2
dP
------ = – --------e – ------ ---------------- (r̃λ + pλ – h )
dt
∂R 2h ∑
∂R
λ

(27)

As explained in the above, ελ is the λ-th eigenvalue of h or
the adiabatic energy of the system. One may have a concern
that the derivative of ελ may not be easily obtained as it is
only calculated through numerical iterations in general.
However, it is trivial to show that
∂ελ
∂hμμ'
------- = Dμλ ---------- Dμ 'λ
∂R
∂R

dR
------ = 0 ,
dt

(28)

One can notice that the differential equations of the
subsystem has been simplified due to the diagonal nature of
h̃ . With a super-matrix representation, they are

We can then ignore all terms involving α as an approximation.
Even though this “traceless approach” is mathematically not
equivalent because the trace changes in time in general and
the results may become different as a result, this may stabilize
the trajectory integrations. This can be easily understood
when one considers the characteristics of the propagation
equations for r̃ and p̃ . Because their rates of change directly
depend on the Hamiltonian components, not the derivatives
of the Hamiltonian, they may vary in time very quickly
when the trace of the h matrix is large. Trace removal at least
minimizes this drawback, similarly to the variable changing
scheme in the semiclassical treatment of the spin boson
model.17
Model Hamiltonian of PC645. The model Hamiltonian
used in this work for the PC645 light harvesting system is10
Htotal = Hsubsystem + Hcoupling + Hbath

(34)

The subsystem Hamiltonian has the following term
d r̃λ = 1--- 0 ελ (R ) r̃λ
---dt p̃λ h –ελ (R ) 0 p̃λ

(29)

p̃λ(t + Δt )

=

cos( ελ ⁄ hΔt) sin(ελ ⁄ hΔt) r̃λ(t )
–sin( ελ ⁄ hΔt ) cos( ελ ⁄ hΔt) p̃λ( t)

(30)

Because the transform matrix with the trigonometric functions is unitary, it is easy to see that r̃(t)2 + p̃(t)2 is timeinvariant. Therefore, the integration for P is simplified as
∂V
1- ∂ελ(R ) (r̃2(t ) + p̃2( t ) – h )
P( t + Δt ) = – --------e Δt – -------------------- Δt
2h ∂R
∂R

(31)

Then, we perform the inverse transformation of Eq. (26) to
the subsystem variables to get r and p, which completes the
operation of the middle propagator in Eq. (25). This is
followed by the final step of applying the leftmost operator
in the Trotter decomposition, which is operationally equivalent
to the propagation with the first Δt/2 step.
For a practical reason, one additional modification can be
used during the time propagation. The transformation
hλλ ' = hλλ ' – αδλλ '

(32)

conserves the eigenvectors of h as the column vectors of D
and changes the eigenvalues ε i into ε i − α. If we use α =
Tr(h)/N, the trace of h will of course be zero. Then,
dr̃
------λ- = 1--- ελ( R )p̃λ + α
--- p̃λ ,
dt h
h

N

(35)

k = 1 k' = 1

and the solution is given as
r̃λ(t + Δt)

N

Hsubsystem = ∑ ∑ {εkδkk' + Δkk' (1 – δkk' ) }|k〉〈k'| ,

where N is the number of states (N = 8 in the case of PC645).
The diagonal element εk is the k-th electronic site energy, and
the off-diagonal element Δkk' is the electronic coupling
between k-th and k'-th pigments. All the values of site energies
and coupling strengths are shown in Table 1.
The coupling Hamiltonian has the following form
N ⎧ n (k )
N n ( j)
⎫
Hcoupling = ∑ ⎨ ∑ cl(k)Rl(k) + ∑ ∑ 1
--- ( Pm(j)2 + ω m(j)2Rm(j)2 ) ⎬|k〉〈k|
j = 1m = 12
k = 1 ⎩l = 1
⎭
(36)

The spectral density, j(ω), is the sum of two different Debye
densities:
ωτ1
ωτ 2
- + ---------------------j( ω ) = 2λ0 ---------------------(ωτ1 )2 + 1 ( ωτ2 )2 + 1

(37)

with λ0 = 130 cm−1, which is actually the half of the reorganization energy. Of course, the spectral density has a close
relationship with the system-bath coupling. The simulations
were performed with τ1 = 50 fs and τ2 = 1.5 ps following
Huo and Coker.10
The initial density matrix was assumed as ρ total(0) =
ρ S(0)ρ B(0). The subsystem part ρ S(0) reflects the initial condition of the pigment system. In this work, we have assumed
that the initial excitation is located at the pigment DBVc
with all other pigments remaining in the ground state. Thus,
by designating DBVc with the pigment index k=1, [ρs(0)]11 =1

Behavior of Poisson Bracket Mapping Equation

Bull. Korean Chem. Soc. 2012, Vol. 33, No. 3

937

Table 1. Parameters of Hsubsystem for PC645 as adopted from refs. 3 and 7. Energies are in cm−1 unit. Because the matrix is symmetric, only its
upper triangular components are shown
Bilin

DBVc

DBVd

MBVa

MBVb

PCBc158

PCBd158

PCBc82

PCBd82

DBVc
DBVd
MBVa
MBVb
PCBc158
PCBd158
PCBc82
PCBd82

17034

319.4
17116

−9.6
43.9
16050

−43.9
7.7
4.3
16373

20.3
30.5
−86.7
3.4
15808

25.3
29.0
−2.9
86.2
7.8
15889

−46.8
21.5
−15.8
53.8
11.0
29.0
15566

−20.0
48.0
49.3
−14.7
10.0
−10.7
48.0
15647

and all the other density matrix elements are zero. The
phonon bath associated with the l-th site is assumed to
follow the Gaussian distribution8
tanh( β hω k /2) 2
1 βω k tanh( β hω k/2 )
(l)
2
ρW
, e ( X ) = ∏ ------ ------------------------------------------ exp – -------------------------------- ( Pk + ω k Rk )
hω k /2
β hω k /2
k 2π

(38)
by assuming that Hbath is composed of the classical harmonic
oscillators with frequencies {ωk}.
The PBME trajectories were simulated by sampling 5000
independent trajectories with random (rk, pk) values obtained
according to their appropriate Wigner distributions after
considering Eq. (23). Because we can only use discrete representation ρ̃m(x, X ) → {xi } with corresponding weights
{wi} at any given X, the integration is replaced with a
summation over the ensemble of {xi}:
〈 O( t )〉 = ∑ ∑ wiOm(xi, X, t )

(39)

X i

We have adopted a readily available routine for generating
random numbers according to a Gaussian distribution P(rλ,
pλ) = exp[–(rλ2 + pλ2 ) ⁄ h] ⁄ π h . Thus the weights are given as
wi = 2∑ 1--- ⎛ rλ rλ ' + pλ pλ ' –i(rλ pλ ' – rλ 'pλ ) – 1--- δλλ '⎞ ρ λ'λ
W (X)
⎝
2 ⎠
λλ' h

(40)

The population dynamics and the development of the coherence were monitored by treating the distributions of these
mapping variables in time with Eq. (39).
Results and Discussion
Figure 1 shows the dynamics for the full eight site model
of PC645 for both the diagonal and off-diagonal elements of
the density matrix. The simulations began with the initial
excitation of DBVc pigment at T = 294 K. Figure 1(a)
indeed shows very strong coherent beating between DBVc
and DBVd which are coupled to each other up to 500 fs time
scale. Populations of the other pigments show very slowly
increasing behavior. Among these remaining six pigments,
the population of MBVb grows peculiarly faster. This is
likely because MBVb is relatively strongly coupled to
DBVc and because the site energies of MBVb and DBVc are
not too different, and it shows that efficient energy transfer
requires both energy matching and a large coupling. Figure
1(b) also shows that initially only DBV dimer exhibits a

Figure 1. Energy transfer dynamics in PC645 after the initial
excitation of DBVc at 294 K. (a) Population dynamics represented
by the diagonal elements of the density matrix. (b) Time variations
in concurrences represented by the off-diagonal elements.

very strong coherence. This coherence quenches after about
200 fs. With the adopted simple model Hamiltonian, however,
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it is not clear whether this decoherence is a pure dephasing
effect or ensemble dephasing. Such a distinction will likely
require all-atom type model where the differences in different
molecular complexes can be properly represented. In any
case, all these observations are in excellent agreement with
the ILDM results reported by Huo and Coker,10 which shows
the reliability PBME at least in the short time domain (~1
ps).
When the simulations were extended beyond 1 ps, the
results start to deviate from what we would expect from
ILDM. Figure 2(a) shows the same dynamics of PC645 up
to 10 ps. One important feature to notice from this figure in

Figure 2. PBME Population dynamics in the long time regime
obtained (a) with full subsystem Hamiltonian hm and (b) with traceeliminated Hamiltonian hm . Initial conditions are the same as in
Fig. 1.

Weon-Gyu Lee et al.

relation with Table 1 is the fact that the populations among
chromophores are at least in the right order in terms of their
energies. Namely, a site with higher energy has lower population. However, we see that their relative proportions do not
follow the Boltzmann distribution. Mathematically, there is
not even a guarantee that the populations will always be
positive, and indeed, the figure shows some negative populations in the long time limit. This artifact is caused by the
fact that the third term in Eq. (7) is ignored. The ignored term
is known to correspond to one quarter of the dissipation.8
Because the dissipation effect is not fully incorporated, the
quantum subsystem will likely heat up. From Figure 2(a),
however, we conclude that the quantum subsystem does not
actually exhibit infinite temperature behavior with equal
populations on all degrees of freedom as previously expected.9
This is of course because a portion of the dissipation effect is
still remaining in the formalism.
In addition, the issue of incorrect population is not eliminated even if we adopt the traceless model. In fact, as is shown
in Figure 2(b), the traceless model generates qualitatively
the same results compared to the dynamics with the trace.
We expect that when there are excessive fluctuations in the
energy, the traceless model may behave better as it will
avoid the stiffness in Eq. (27) for integrating the quantum
degrees of freedom (Eq. (26)). In any case, for future applications of PBME toward long time dynamics, a modification
will be required to realize the correct equilibrium property.
The Debye or Ohmic spectral densities, which are often
adopted in simplified models of open quantum systems,
usually peak in the low frequency region and decay smoothly
to zero in the high frequency. (See Fig. 3(a) showing the sum
of two different Debye spectral densities.) When the spectral
density is simulated with conventional classical MD simulations, however, large peaks are often observed in the high

Figure 3. Effects of spurious high frequency modes in the spectral
density. (a) Adopted spectral densities. The leftmost one is sum of
two Debye functions with 50 fs and 1.5 ps relaxation times. The
other three include additional Gaussian peaks centered at 500,
1700, 3300 cm−1 from left to right. (b) Population evolutions
corresponding to the above spectral densities. See Fig. 1 for the
coloring scheme of chromophore identifications.
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frequency region where the normal Debye or Ohmic densities are usually very small.18,19 Such peaks are of course
artifacts of classical simulations: when a vibrational mode is
described classically with many other bath modes, it will
only have average energy that corresponds to the classical
equipartition (kBT). For a high frequency vibration, this
energy is much smaller than the zero point energy hω/2 .
Therefore, the phase space distribution sampled by a
classical canonical ensemble for such vibration will be much
narrower than the supposedly accurate Wigner distribution
obtained based on quantum mechanical information. We
speculate that this discrepancy is the cause of the spurious
peaks in the spectral density. Even though it is not clear at
this stage how to eliminate this artifact18,19 from classical
trajectory based approaches, we can at least test how large its
effect is on the coherence dynamics of the energy transfer
process.
Thus, we have mimicked this situation with additional
sharp Gaussian shaped functions to the adopted spectral
density:
2

f (ω ) = ae–(ω – ω 0) /2b

2

(41)

with a = 0.8 eV and b = 30.0 cm−1. The results are presented
with Fig. 3 with the adopted spectral densities (top panels)
and the corresponding population dynamics (bottom panels).
For reference, the spectral density and the dynamics with no
additional Gaussian peaks are shown in the leftmost panels.
The remaining panels show the results obtained with ω0 =
500 cm−1, 1700 cm−1, and 3300 cm−1 (from left to right). The
reorganization energies with the adopted spectral densities
change from λ = 260.0 cm−1 without a Gaussian peak to
274.9, 264.0, and 261.8 cm−1 for the three cases. In all three
cases, one can clearly see that the population dynamics and
the aspect of coherence/decoherence are only slightly affected.
In a sense, this is not surprising as the energy transfer dynamics
is mostly affected by the change in the reorganization energy.
As can be shown with the changes in λ, spurious peaks in the
high frequency region has limited effect on the reorganization energy. Even when the peak was placed in a relatively
low frequency region (500 cm−1), the reorganization energy
was affected by ~5% and the energy transfer dynamics was
only slightly modified. Therefore, we can infer that the
artifact caused by such spurious peaks in high frequency part
of the spectral density will be only marginal. Of course,
when there are too many such peaks, the reorganization
energy will be severely affected with the loss of coherence
much earlier than normal. In this case, we have at least
generated the peak shape (a and b) based on the spectral
density reported by Olbrich et al on the FMO system,19 and
we do not expect the situation will be significantly different
in other cases.
Conclusion
With an eight-site model of PC645 protein complex at
physiological temperature, we have applied the PBME
method to show its performance in describing energy trans-
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fer dynamics and the related coherence effect. When the
DBVc chromophore was initially excited, the strongly coupled
DBV pair showed strong coherent beating up to 500 fs and
gradually, the excitation energy in the dimer migrated to
other pigments. The population and coherence dynamics
were in good accord with more reliable ILDM results. When
the simulations were continued over a picosecond, PBME
results deteriorated into non-Boltzmann distribution, confirming that the approximate nature of PBME renders it
inappropriate for studying long time behaviors. Nevertheless,
the dynamics from PBME within a picosecond is quite
reliable especially in reproducing the correct oscillations in
the population transfer. The result of adding artificial peaks
to the spectral density functions did not make any noticeable
changes to the energy transfer dynamics. This is encouraging for future studies of all-atom style PBME dynamics,
where the classical representations of molecular vibrations
will likely induce spurious high frequency peaks in the
spectral density.
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